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1 Introduction 



Let K he a finite extension of Qp with ring of integers Ok and fix for the rest of this article 
a uniformizing parameter vr of Ok- We denote by S := Spec(Cj<-) and by M the log structure 
on S associated to the prelog structure N — > Ok sending n G N to vr" G Ok- We denote by 
(5*, M) the associated log scheme. 

Let X — y 5* be a morphism of schemes of finite type (or a morphism of formal schemes 
topologically of finite type) with semistable reduction, by which we mean that there exists a log 
structure iV on X and a morphism of log schemes (or log formal schemes) / : {X, N) — > [S, M) 
satisfying the assumptions of section §2.1.2. In particular / is log smooth. 

Let now W := W{Ok/ttOk) and we denote by O := W[Z] and by C — > Ok the natural 
W-algebra homomorphism sending Z to vr. Write Pn{Z) G W[Z] for the monic irreducible 
polynomial of tt over W. It is a generator of Ker((9 — )■ Ok)- We denote by 5* := Spf((9) 

and by M the log structure on 5* associated to the prelog structure N — > O sending n G N to 
G O. Let us consider the natural diagram of log formal schemes 

iX,N) 

{S,M) ^ {S,M). 

We assume that there exists a GLOBAL deformation /: (X, X) — > (S*, M) of /. Such defor- 
mations exist for example if X is afiine or if the relative dimension of X over is 1, but not in 
general. 

Our main concern in this article is to: 

1) Define Faltings's logarithmic sites Xk and Xj^ associated to / : (X, N) — )■ {S, M) and 
Fontaine (ind continuous) sheaves on it associated to the deformation /: (X,X) — )■ (S*, M): 
Ml,^, Bi^g, Bj^g, Biog and 

2) Define the category Sh(Xi^)ss of semistable (in fact arithmetically semistable) etale local 
systems on Xk and study its properties; see §2.4.41 and §2.4. 7[ 

3) Define in §2.4.71 a Fontaine functor Dfjg from the category of semistable etale local systems 
on Xk to the category of log filtered F-isocrystals on X relative to O. More precisely these are 
Frobenius isocrystals (considering the Kummer etale site on (X, N) modulo p) relatively to the 
p-adic completion of the divided power envelope of O with respect to the ideal generated by p 
and Pt^{Z), with filtration on their base change via O — )■ Ok defined by mapping Z to vr; see 
g2X5l 

4) We prove the following comparison isomorphism theorem, see 12.331 Suppose that L is a p- 
adic Kummer etale local system on Xk-, which when viewed as an etale local system on X-j^ is 
semistable. Assume that X is a proper and geometrically connected scheme over Ok- We have, 
see [2:331 

Theorem 1.1. a) The p-adic representation W (^X^^ ,1^ of Gk '-= Gal{K/K) is semistable for 
alii > 0. 



3 



b) There are natural isomorphisms respecting all additional structures (i.e. the filtrations, 
after extending the scalars to K, the Frobenii and the monodromy operators) 

D4R\X^\h)) = ff ((X,/W(A;)+)^^;^D^4(L)+). 

Here, Dj*Qg(L)"'' is the Frobenius log isocrystal on relative to W(A;)^ obtained from 
DfJg(L) by base change via the map O W(/c) sending Z to 0. Here, W(A;)+ is W(A;) 
with log structure defined by N — W{k) given by sending every n G N to 0. In particular, 
H*((Xfc/W(fc)"'")™, Dfj^g(L)"'") is a finite dimensional i^o-vector space endowed with a Frobenius 
linear automorphism and a monodromy operator. Its base change to K coincides with the co- 
homology of the filtered log isocrystal DfJg(L)x^ given by base change of DfJg(L) via the map 
O — )■ Ok, sending Z to tt. Thus these cohomology groups are endowed with filtrations coming 
from the filtration on DfJg(L)x^. 

For the constructions in (l)-(3) the existence of local deformations of X to (9 would suffice; 
namely the notion of semistable etale local systems and the functor Dfjg can be defined locally 
and then glued. On the contrary, it is in (4) that we definitely need the existence of a global 
deformation X in order to guarantee the finiteness of the cohomology of Frobenius isocrystals 
on the reduction of {X, N) modulo p relatively to Ocris, a key ingredient to prove the theorem. 
We hope to be able to remove this assumption in the future. 

All these constructions are generalizations to the semistable case of the analogue results in 
the smooth case. The comparison isomorphisms in the smooth case were recently proved in 
|AI2j (after having been proved before in different ways and various degrees of generality by 
G. Faltings, T. Tsuji, W. Niziol etc. see the introduction of |AI2] for an account on the history 
of the problem to date.) 

The proof of the comparison isomorphisms in the smooth case presented in jAI2] was in fact 
a result cumulating three sources: 

i) |AI2j in which Faltings' site associated to a smooth scheme (or formal scheme) was defined 
(in that article K was supposed unramified over Qp and so no deformation was required) and 
the global theory of Fontaine sheaves on the site was developed. 

ii) [Brij where the local Fontaine theory in the relative smooth case was worked out. In 
particular, if R is an O^^-algebra, "small" (in Faltings' sense) and smooth over Ok it was proved 
in |Brij the following fundamental result: the inclusion R[l/p] ^ Bcris{R) is faithfully fiat. 

iii) |AB] where (in the notations of ii) above) the geometric Galois cohomology of i?cris(-R) 
was calculated. 

The present article generalizes to the semistable case all three articles quoted above as follows: 
in chapter 2 we develop the global theory, i.e., we define Faltings' logarithmic sites Xk and 
Xj^ and the Fontaine sheaves on it. In chapter 3 we work out the local Fontaine theory in 
the relative semistable case generalizing |Bri] : we define semistable representations and prove 
their main properties. The situation is more complicated than in the smooth case, namely _let 
U = Spf(-R) be a small log affine open of (X, N) and U = Spf(-R) a deformation of it to {S, M). 
We define relative Fontaine rings B^^^^{R) and B^^^{R), which are both i?[l/p]-algebras and 
together generalize -Bcris(-R) to the semistable case. More precisely: 
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a) Let -Rmax be the j9-adic completion of the ring R ^-^^jp- as a subring of R[l/p\. We prove that 

the inclusion -Rmax[p^^] Bl^g^(R) is close to being faithfully flat; see 13.311 More precisely we 
show: 

i) If a = 1, see the assumptions on §3.1 (i.e. we are in the semistable reduction case) then 
in fact Rn,^^[p-^] ^ B^I^'iR) is faithfully fiat. 

ii) If a > 1 then the situation is more complicated, namely there exists an algebra A (denoted 
^S^°max ^^'^ proof of theorem 13.311) such that -Rmax[p~^] ^ ^[p~^] ^ Bf^g'^iR) having 
the properties that a faithfully fiat i?max -algebra C is a direct summand of y4[p~^] as C- 
module and the extension A^p"^] ^ B^^^{R) is faithfully flat. It follows that if a sequence of 
-Rmax [p"^] -modules 

— > M' — > M — > M" — > 

becomes exact after base changing it to B^^^{R) then it was exact to start with and that 

an i?inax[p~^] -module is finite and projective if it is so after base changing to B^^^(R). These 
properties are what we call "close to faithful flatness" and allow to prove that Dfjg of a semistable 
sheaf is an F-isocrystal. 

b) If we denote by Gr the (algebraic) fundamental group of Spm(i?;^) for a geometric base point, 
we compute the continuous G/j-cohomology of B^^^^^R) with results similar to those in |ABj . 

c) Finally, if Qr is the (algebraic) fundamental group of R[l/p] for the same choice of geometric 
base point as at b) above and if is a p-adic representation of Qr then we prove: V is Bf^^^{R)- 

admissible if and only if V is 5j™g^(i?)-admissible if and only if the etale local system L attached 
to the representation V is semistable, in which case V itself is called a semistable representation. 

Moreover if \^ is a semistable representation then Di^^^{V) and D^^^{V) determine one 
another and D^^^{V) provides Dj'Jg(L). 

Using all these results in the second part of chapter 2 we prove the semistable comparison 
isomorphism theorem 11.11 stated above. 



We'd like to point out that T. Tsuji has a preprint |T2] where the theory of semistable etale 
sheaves on a semistable proper scheme over Ok is developed. On the one hand his work is more 
general than ours as he has less restrictive assumptions on the logarithmic structures allowed and 
on the existence of a global deformation over [S, M). On the other hand neither does the author 
prove in that article any faithful flatness result nor does he derive comparison isomorphisms for 
the cohomology of the semistable etale local systems defined there. 

Finally, recent work of P. Scholze [Sc] might lead in the future to results in the direction of 
proving that de Rham etale sheaves are potentially semistable. 

Acknowledgements We are very grateful to the referee of this article for the careful reading 
of the text and for pointing out some errors in an earlier version. 
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2 Fontaine's sheaves on Fallings' site 



2.1 Notations 

Let p > denote a prime integer and K a complete discrete valuation field of characteristic 
and perfect residue field k of characteristic p. Let Kq be the field of fractions of W(/c). Let Ok 
be the ring of integers of K and choose a uniformizer vr G Ok- Fix an algebraic closure K of K 
and write Gk for the Galois group of K G K. In K choose: 
^a^ a compatible systems of n!-roots vt"! of vr; 

(b) a compatible systems of primitive n-roots e„ of 1 for varying n G N. 

Define K'^ := if [vr^] and if^ := UnK- Since T*" — vr is an Eisenstein polynomial over Ok, 
then Ct^-/^ := (^^^-[Tr^] = Ok[T]/ (T"' — tt) is a complete dvr with fraction field precisely K'^. 

Let M be the log structure on S := Spec(Oj^) associated to the prelog structure ip: N ^ Ok 
given by 1 I— > TT. Let ^/'x : C'a'IN] — ?■ be the associated map of algebras. For every n 
we write [Sn, Mn) for the compatible system of log schemes given by Sn '■= Spec^OK /t^"'Ok) 
and log structure M„ associated to the prelog structure N — )• Ok/t^^Ok, 1 i— J- tt. We refer to 
|K2] for generalities on logarithmic geometry. 

Write O := W(/c)[Z'] for the power series ring in the variable Z and let Nq be the log 
structure associated to the prelog structure ipo : N — )■ O defined by 1 (-)■ Z. We define Frobenius 
on O to be the homomorphism given by the usual Frobenius on W{k) and by Z h-)- Z^. It 
extends to a morphism of log schemes inducing multiplication by p on N. Let Pn{Z) be the 
minimal polynomial of vr over W{k). It is an Eisenstein polynomial and 6o'- O — > Ok, defined 
by Z h-). vr, induces an isomorphism, compatibly with the log structures, O/ (Pvr(Z)) — > Ok- 

2.1.1 The classical period rings 

Write Acris for the classical ring of periods constructed by Fontaine [Fo', §2.3] and Aiog the classical 
ring of periods constructed by Kato [Kl', §3]. More precisely, let Ej_ := limOj^ where the 

transition maps are given by raising to the p-th power. Consider the elements p := {p,pp, - - -), 

7f := (vr, VTP , ■ ■ ■ ) and e := (l, e^, ■ ■ ■ ) . The set E^,. has a natural ring structure [Fbl §1.2.2] in 

which p = and a log structure associated to the morphism of monoids N — ?■ Ej_ given by 

1 I— )■ 7f. Write Ain{{Oj^), or simply Ai^f, for the Witt ring W(E0_). It is endowed with the 

log structure associated to the morphism of monoids N — t- W(EJ_) given by 1 i— t- [tt] . There 

is a natural ring homomorphism 6: W{E'^_) — > Oj^ ^ §L2.2] such that ^([vf]) = tt. In 

particular, it is surjective and strict considering on Oj^ the log structure associated to N — > Oj^ 
given by 1 (— 7- vr. Its kernel is principal and generated by P7r([7f]) or by the element ^ := [p] — p. 

Write X for the ideal of W(E0_) generated by [e]^^ — 1 for n E N and by the Teichmiiller lifts 

[x] for X G EJ_ such that x^*^-* lies in the maximal ideal of Oj^. 

We recall that Acris is the p-adic completion of the DP envelope of W(E0_) with respect to 
the ideal generated by p and the kernel of 6. Similarly, Aiog is the p-adic completion of the log DP 
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envelope of the morphism W(EJ_) ®w(fc) O with respect to the morphism 6®6o'- W(E0_) (S)w(fc) 
O — O^. In particular, 

^log — ^cris {(^ ~ 1)} ) 

by which we mean that there exists an isomorphism of Acris-algebras from the p-adic completion 
^cris { (y) } of the DP polynomial ring over Acns in the variable V and A\og sending \^ to n — 1 

w 

with u := -1^; cf. \K1\ Prop. 3.3] and |Bre[ §2] where the ring is denoted A^t- We endow A^ns 
and Aiog with the p-adic topology and the divided power filtration. We write Scris := ^cris[i^^] 
and -Biog := Aiog , where t := log([e]), with the inductive limit topology and the filtration 
Fir^eris := E^eN Fir+™A,,ist-™ and FiPEiog := E^^n Fir+™Aiogt— . 

Let B^^ be the classical ring of Fontaine defined as the completion of W(Ej_^)[p~^] with 
respect to the ideal generated by ker^ with the filtration defined by this ideal. Similarly, we 
construct Bj^-^{0) as follows. Define Ainf(C) as the completion of W(E0_) ®w(fc) with respect 

to the ideal (6* Oq) ^ {v^~k) simply denote ® Oq: Ainf(C) the map extending 

9 ® 9o- Then, we set B^^{0) to be the completion of Ainf(C)[]5^^] with respect to the ideal 
generated by ker6' ® 9o, with the filtration defined by this ideal. Define -BdR := -B^^ft"^] and 
EdR(C) := We extend the filtrations to B^^ and BdniO) as before. Note that 

B^^{0) = B^^lu — lJ = B^-^lZ — 7i] where the filtration is the composite of the filtration on B^^ 
and the (n — l)-adic or {Z — 7r)-adic filtration; cf 13.15( 4). We have an inclusion Biog C i?dR(C^), 
strict with respect to the filtrations. We also have the classical subrings -Bcris,K := -Bcris K 
and Bst,K '■= Bst K of -BdR introduced by Fontaine; see (Fo| §3.1.6] and [Fbi Thm. 4.2.4]. 
Define -Biog to be the image of the composite map f.,,: -Biog — >■ -BdR(C') — -BdR defined in [Brel 
§7], and given by Z i— )■ vr. We consider the image filtration which is the filtration inherited by 
-BdR. For later use we remark 

Lemma 2.1. We have natural morphisms -Bcns.K C -Bst,K C -Biog C -BdR, which are Gk- 
equivariant, are strictly compatible with the filtrations and induce isomorphisms on the associated 
graded rings. 

Proof. The map /,r is clearly compatible with G/^-action and the filtrations. It sends PTr{Z) 
to 0. In particular, y4iog/(P7r(2')) Aiog is an Acris ®w(fc) Ok algebra and contains the divided 
powers of the element [Tfj/vr — 1. In particular, Ai^g/ {^Pt,{Z)) contains the element log([7f]/7r) 
which generates -Bst as -Bcris- algebra by |Brel lemma 7.1]. See also §3.1.6]. This provides the 
claimed inclusions. As the map -Bens — > -BdR induces an isomorphism on the associated graded 
rings, the claim follows. □ 

The rings Acris and Aiog, and hence -Bcris and -Biog, are endowed with a Frobenius having 
the property that v^(m) = and ip{t) = pt and a continuous action of the Galois group Gk- 
Moreover, there is a derivation 

, . . dZ 

a. Aiog > A\og— 

which is Acris linear and satisfies d{{u — l)'"') = {u — l)["'^^ln^; see |Klt Prop. 3.3] and [Brej 
Lemma 7.1]. Its kernel is A^ris and the inclusion Acris C A\og is split injective where the left 
inverse is defined by setting (m — 1)'"] i— )■ for every n G N. We let N be the Acris-linear operator 
on Aiog such that = N{f)^. In particular, d and extend to -Biog. It is proven in [Kl| 
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Thm. 3.7] that Fontaine's period ring Bst, see jFof §3.1.6], is isomorphic to the subring of i?iog 
where acts nilpotently. 

B\og- admissible representations According to |Bre[ Def. 3.2] a Qp-adic representation V of 
Gk is called i?iog-admissible if 

(1) Aog(^) := (5iog Vf'' is a free 5i';;g^-module; 

(2) the morphism Biog ^^g^ -Diog(^) — > -Biog ®Qp V is an isomorphism, strictly compatible 

log 

with the filtrations. 

In this case Aog(V^) is an object in the category AiJ^ Gj^{ip, N) of finite and free B^^- 

log 

modules M, endowed with (i) a monodromy operator Nm compatible via Leibniz rule with the 
one on B^^ , (ii) a decreasing exhaustive filtration Fil"M which satisfies Griffiths' transversality 
with respect to Nm and such that the multiplication map B-^^^ x M — )■ M is compatible with the 
filtrations, (iii) a semilinear Frobenius morphism ipM- M ^ M such that Nm = PfM o Nm 
and detifM is invertible in B^'^ . See |Bret §6.1]. 

Comparison with semistable representations Consider the category AiTKif, N) of finite di- 
mensional ii'o- vector spaces D endowed with (i) a monodromy operator Nd, (ii) a descending 
and exhaustive filtration FiV^Dk on Dk '■= D K, (iii) a Frobenius (po such that deti^o 
and Nd o ip^ = pip^j o Nd; see |CFj . Such a module is called i?st-admissible if there exists a 
Qp-representation V of Gk such that DgtiV) := {V -Bst)*^^ is isomorphic to D compatibly 
with monodromy operator, Frobenius and filtration after extending scalars to K. Consider the 
functor 

T: MJ'Ki^,N) ^ MJ'^gA^^N) 

log 

sending D i— )■ T{D) := D with monodromy operator N^ ® 1 + 1 ® A^, Frobenius 

<^£) ® and filtration defined on |Bret p. 201] using the filtration on and the monodromy 
operator. More precisely, the map : Biog — >■ -BdR defined in 12.11 by sending Z to tt induces a 
map B^'^ — y B^^ = K. This provides a morphism p: T{D) — )■ Dk- Then, Fil"T(D) is defined 
inductively on n by setting FirT{D) := {x E T{D)\p{x) E Fil" Dk, N{x) E Fir'^T{D)}. 

Proposition 2.2. [Brej (1) The functor T is an equivalence of categories. 

(2) The notions of Biog- admissible representations of Gk and of Bst- admissible representa- 
tions are equivalent. For any such, we have T(^Dst(y)) = -Diog(V^). 

Proof. (1) is proven in [Brel Thm. 6.1.1]. (2) is proven in |Bret Thm. 3.3]. □ 

An admissibility criterion. We prove a criterion of admissibility very similar to the ones in 
|CFj . Let M be an object of /AJ-'^Gjf{ip,N). The map i?iog — )• -BdR sending Z to tt has image 

log 

Biog byO Define 

. s N=0,<fi=l 

Vi'^giM) := (Biog ^^G, M) , Vilg{M) := {Biog ^^^^ M) /Fi\%Biog ®^g, M). 

\ log / log log 

Let 

5{M):VUM)-^VUM) 
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be the map given by the composite of the inclusion Vi'^ JM) C -Biog ® M and the projection 

log 

-Blog ^^Gk M Biog ®j^Gji M. We simply write V^og(M) for the kernel of 5{M). Then, 

log log 

Proposition 2.3. (1) A filtered {ip, N) -module M over B^^ is admissible if and only if (a) 
\4og(M) is a finite dimensional Qp-vector space and (b) 6{M) is surjective. 

Moreover, if V = Viog(M) is finite dimensional as Qp-vector space then it is a semistable 
representation of Gk o,nd D\o^{y) C M. The latter is an equality if and only if M is admissible. 

(2) The functors V^^g and V^^ on the category AiJ^^GK{{p,N) are exact and the morphism 
S{M) is not an isomorphism if M 0. 

Proof (1) Let {D,^, N,Fi\'DK) be a filtered A^)-module over K, cf . EU As in [CFl §5.1 & 
5.2] we define V,^{D) := (B,, Df and Vj,{D) := B^^ 0^ Dk/FH^B^^ ®k Dk). We 
let 5{D) ■ 1/0 (D) — > 1/1 (D) be the natural map. 

First of all we claim that the proposition holds replacing the category AiJ^ ^gj^ A^) with the 

log 

category of filtered A^)-modules over K and V^og(M), i = nothing, 0, 1 with V^^{D). Indeed, 
it is proven in |CFi, Prop. 4.5] that the Qp-vector space Vst{D) is finite dimensional if and only if 
for every subobject D' C D v/e have tu^D') < tN^D') (these are the Hodge and Newton numbers 
attached to D', respectively). Moreover, it is also shown in loc. cit. that in this case Kjt(-D) is 
a semistable representation of Gk whose associated filtered (y?, A^)-module is contained in D. 
It coincides with D if and only if dim^^ Vs\,{D) = dimi^-^ D. It follows from the proof of [CFl 
Prop. 5.7] that, if Vst{D) is finite dimensional, then dim^^ Vst{D) = dim^^g D if and only if S{D) 
is surjective. The claim follows for filtered A^)-modules over K. 

_ Since Si^g=° = Bj,=^ = 5„is, it follows that V^.iD) = V,'',^{T{D)) . Since V,l^{T{D)) = 
[Biog Dk) /Fil° (-Biog (S>k Dk) and Gr*_Biog = Gi'BdR by 12.11 we deduce that the complexes 
5iD) : V°{D) — > VJ,{D) and 5{T{D)) : Vil^{T{D)) Vylg{T{D)) are identified. Thus, via the 
equivalence of categories T of I2.2[ claim (1) follows from its analogue for filtered {(p, A^)-modules 
over K discussed above. This concludes the proof of (1). 

To prove (2) it suffices to show the exactness of and V^|: and the fact that 6 is not an 
isomorphism for non zero objects on the category of filtered {ip, iV)-modules over K. This is 
proven in [CFt Prop. 5.1 & Prop. 5.2]. □ 

2.1.2 Assumptions 

Fix a positive integer a. We assume that we are in one of the following two situations: 

(ALG) (^X,N) is a log scheme and /: (^X,N) — t- (S*, M) is a morphism of log schemes of 
finite type admitting a covering by etale open subschemes Spec(i?) C X, by which we mean that 
Spec(-R) —> X is an etale morphism, of the form: 

Ok[P] ^ R 
t t 
OkM ^ Ok, 
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where (i) P := Pa x P^ with Pa := and Pb := N^ (ii) the left vertical map is the mor- 
phism of Oii-algebras defined by the map on monoids N — > P = x given hj n 
((n, . . . , n), (0, . . . , 0)) , (iii) ipa is the map of Oi^-algebras with N 9 1 i— t- n". 

We require that the morphism C_ft:[P] (80^ [n] Ok — )■ P on associated spectra is etale, in the 
classical sense, and that the log structure on Spec(P) induced by (X, A^) is the pullback of the 
fibred product log structure on Spec(Cx[-P] ®Ok[n] Ok) . We further assume that for every subset 
Ja C {1, . . . , a} and every subset Jb C {1, . . . , 6} the ideal in R generated by ipRi^"^" x ^'^'') 
defines an irreducible closed subscheme of Spec(P), that the ideal of R generated by ipR^Pa) is 
not the unit ideal and that the image of the monoid O^ ■ ipR [Pb) is saturated in R ®Ok O^- 

{FORM) for every n G N we have a log scheme A^„) and a morphism of log schemes 
of finite type /„: (X„,A''„) — )■ (S'„,M„) such that (X„,A^„) is isomorphic as log scheme over 
{Sn.Mn) to the fibred product of (X„+i,A^„+i) and [Sn.Mn) over [Sn+i, Mn+i) ■ Write Xform 
for the formal scheme associated to the X„'s. We require that etale locally on Xi the formal 
scheme Xform — ^ Spf(Oft:) is of the form 

Ok/t^^'OkIP] ^ P/7r"P 

t t 
OK/T^'^OKm ^ Ok/t^'^Ok, 

where the left vertical map and ipa are defined as in the algebraic case and V'-R.n, induces a mor- 
phism Cft'[P] (^Oj^tN] OkIt^^Ok — ^ R/t^^R which is etale and the log structure on Spec(P/7r"P) 
induced from (X„, iV„) is the pullback of the fibred product log structure on Spec(Ci^ [P] ^Oj^fN] 
Ok/'it^Ok) ■ As in the algebraic case we require that for every subset Ja C {1, . . . , a} and every 
subset Jb C {1, ... ,6} the ideal of R/nR generated by 1 (N*^" x N'^'') defines an irreducible 
closed subscheme of Spec(P/7rP), that the ideal of R generated by ipR^Pa) is not the unit ideal 
and that the image of the monoid O^ ■ i/jr (P^) is saturated in R ®Ok O-k- 
We deduce from 13.11 that 

(i) in the algebraic, respectively in the formal setting, (X, A^) (respectively (X„,X„)) is a 
fine and saturated log scheme; 

(ii) / (resp. /„) is a log smooth morphism. 

In the algebraic case, by abuse of notation we write X for (X, M). An object U = Spec(P) G 
X'^* with induced log structure satisfying the requirements above will be called small. 

In the formal case we write Xj-ig for the rigid analytic fibre of Xform- The inverse limit of the log 
structures X„ defines a morphism of sheaves of monoids from the inverse limit Xform = hm X„ 

oo-<— ra 

to Cjfform- coincides with the inverse image of Xi via the canonical map Oxf^,^ — ^ Oxi- 
We call it the formal log structure on Xform- We also write X or (X, X) for the inductive 
system | (X„, X„) j^^^^. It follows from our assumptions that Xform is a noetherian and vr-adic 
formal scheme. An etale open Spf(P) — )■ Xform satisfying the requirements above is caWedsmall. 
By assumption we have a covering of Xform by small objects. For any such small affine Spf(P) 
of Xform "we also have vr-adic formally etale morphisms 

Spf{OK[P]§)0^mOK) ^ Spf(P) — ^ Xform, 
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where ® stands for the vr-adic completion of the tensor product, with the property that the 
formal log structure A^form on Spf(i?) is induced by the formal log structure on the fibred product 
Spf[OK[P]®Oj^[^]OK) ■ We call any such diagram a formal chart of (Xform, ^form)- 

Example: Assume that X is a regular scheme with a normal crossing divisor D G X. Then 
etale locally on X we can choose local charts ip^ satisfying the conditions above. For example, 
for every closed point of X one can take P and ipR etale locally to be defined by a regular 
sequence of elements generating the maximal ideal at x so that D is defined by part of such 
a sequence. In this case also the ideal generated by ^jR^Pb) in R is not the unit ideal and the 
conditions above are satisfied. 

2.1.3 Continuous sheaves 

Given an abelian category A admitting enough injectves we consider the category J^^ of inverse 
systems of objects of A indexed by N. It is also abelian with enough injectives. Given a left exact 
functor F from A to an abelian category B we have a left exact functor : A^ — )■ sending 
[Cn)n&i ^ and its i-th. derived functor R*(F^) is canonically (R*F) . If projective 

limits exist in B, one can derive the functor A^ — ). B sending (C„)„gN ^ hm F(C„). We 

oo-(— n 

refer [AIll §5.1] for details. 

We also consider the category Ind(./l) of inductive systems of objects in A indexed by Z, 
i.e. {^hjlh) j^^^ with ■yh- Ah Ah+i- Consider a non decreasing function a: Z — t- Z. Given 
objects A := {Ai,'yi).^^ and B_ := {^Bj,5j).^^ we define a morphism f : A ^ B_ oi type a to 
be a collection of morphisms ft: Ai such that fi+i 07^ = Y\a{i)<j<a{i+i) ° /«• We 

denote by Hom°'(y4, 5) the group of homomorphisms of type a. We say that two morphisms 
/ and g of type a (resp. (3) are equivalent if there exists A^ G N such that fi composed with 
Ba(i) 5max(a(i),/3(j))+Af and Qi composcd with -Bmax(a(i),/3{j))+Af coincidc. One checks 

that this defines an equivalence relation. We define a morphism A^B_m Ind [A) to be a class 
of morphisms with respect to this equivalence relation. 

One can prove that Ind(^) is an abelian category. If B admits inductive limits and F: A ^ B 
is a left exact functor, we define R^F'^""* : Ind(^^) ^ B by R'F^°''U {Ah, -fh)h) ■= hm R*F'°°*(A?,). 

Then the family {R"F'^°"*}„ defines a cohomological 5-functor on Ind(^). 

2.2 Fallings' topos 

2.2.1 The Kummer etale site of X 

The notations are as in the previous section. Both in the algebraic and in the formal case we 
write X^'^^ for the Kummer etale site of (X, N). 

In the algebraic case the category is the full subcategory of log schemes endowed with a 
Kummer etale morphism {Y,Ny) — ?• {X,N) in the sense of [Hi §2.1], i.e. morphisms which are 
log etale and Kummer or equivalently log etale and exact. The coverings are collections of 
Kummer etale morphism {Yi,Ni) — )■ {X,N) such that X is set theoretically the union of the 
images of the Yi's. One verifies that this defines a site; see loc. cit. 

In the formal case the objects are Kummer etale morphisms [gn- {Yn, NyJ) — )■ (X„, Xn)}„gj^ 
such that gn is the base change of gn+i via (X„,A'„) — )■ (X„+i,X„+i) for every n E N. We 
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simply write g: {Y^Ny) — )■ {X^Nx) for such inductive system of morphisms. The morphisms 
from an object (F, Xy) ^ (X, X) to an object {Z,Nz) := [K- {Zn,Nz^) ^ (X„,X„)}^^j^ are 
collections of morphisms (y„,Xy,J — )■ (^n? ^z„) }„gf^ as log schemes over (X„, X„) such 
that t„ is the base change of tn+i via (X„,X„) — (X„+i,X„+i) for every n G N. We simply 
write t: {Y,Ny) — )■ {Z,Nz) for such an inductive system of morphisms. The coverings are 
collections of Kummer etale morphisms {{Yi,Ni) — )■ {X,N)}- such that Xi is the set theoretic 
union of the images of the Yi^s. This defines a site. Due to the characterization of log etale 
morphisms in |K2t prop 3.14] the natural forgetful morphism of sites X^^^ — ¥ X^'^^, sending 
g: {Y,Ny) — {X,N) to gi: (Fi, XyJ — > {Xi,Ni), is an equivalence of categories. 

Lemma 2.4. Let {Y,H) G X^'^K Then, 

(1) Y (resp. Spec{R) ^/lform = Spf{R) in the formal case) are Cohen- Macaulay and normal 
schemes; 

(2) {Y,H) (resp. [Spec{R) , Hform) ^/Fform = Spf{R) in the formal case) are log regular in the 
sense of JK^ Def 2.1]. 

Proof. We provide a proof in the algebraic case. Since /: {Y,H) — )■ {X,N) is Kummer etale, 
in particular it is log etale. Since / : (X, N) — )■ [S, M) is log smooth the composite (Y, H) — > 
(S", M) is log smooth. Recall that (S", M) is Spec(Cj^) with the log structure defined by its 
maximal ideal. In particular it is log regular. Arguing as in [Til Lemma 1.5.1] we deduce from 
|K3t Thm. 8.2] that also {Y,H) is log regular. Due to |K3t Thm. 4.1] the scheme Y is then 
Cohen- Macaulay and normal. This proves the claims in the algebraic case. 

For the proof in the formal case we make some preliminary remarks in the algebraic case. 
Let y & Y and set x to be its image in X. Write Hy and for the stalk of the sheaves of 
monoids H and N and put Hy := Hy/Oy^y and '■= Hy/0*x^^. Since the log structures are 
fine, Hy and are finitely generated and we have inclusions Hy C H^ and C N^^ ■ The 
morphism (F, H) — (X, N) being Kummer etale, the induced map l\ — )■ Hy is injective and 
there exists an integer n invertible in Oyy such that uHy C N^- Since N^^ is a finite and free 
Z-module we can find a splitting of the group homomorphism NfP — N ^ which composed with 
the inclusion C N^^ provides a chart P — )■ X in a neighborhood Ux of x cf. [K2, Lemma 
2.10]. Proceeding similarly with H^y we can find a splitting of H^^ — )■ H^ . Since the local 
ring Oy^y is taken with respect to the etale topology and n is invertible in Oy^y, the group Oy^ 
is n-divisible and we can take the splitting compatible with the first splitting of X|p — )■ . 
Composing with the inclusion Hy C H^ we get a chart Q H in a neighborhood Vy of y 
compatible with P ^ N via the map of sheaves f~^{N) H. 

To check that R is Cohen-Macaulay in the formal case it suffices to prove that the complete 
local ring of R at every maximal ideal y is Cohen-Macaulay at the image a; of y in X. To prove 
that it is normal it further suffices to show that R is regular in codimension 1. Due to the 
assumptions and the proof in the algebraic case, (1) and (2) hold if Spf(i?) is a formal chart of 
(X, X), i.e. / is the identity map. In the general case, using the considerations above, we have 

dy,y = Ox,.§z[P]Z[Q] 

where P — Q is a morphism of monoids as above. By the construction of the chart P, we have 
that P* = {!}. We conclude from [K3l Thm 3.2] that dx,x = P|P] [Ti, . . . , T,]/(0) for R = 
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W{k{x)) and9 = p modulo the ideal (P\{l},Ti, . . . ,T,). Then, Oy,^ ^ RlQWi, . . • ,T,]/(^). 
Since Q is saturated and Q* = {1} by construction, also OY,y is of the same form. The proof 
of \K3[ Thm. 4.1] applies to deduce that Oy^y is Cohen-Macaulay and regular in codimension 1. 
This concludes the proof of (1) and (2) in the formal well. 

□ 

In the algebraic case consider the presheaves Cx^ct and Nx^^a respectively defined by 

Similarly, in the formal case for every h define the presheaves Ox^^t and Nx^<=t 

X'^'^'3{Un,Nu^)^^T{U,,Ou,), X'^'^^a (f/„,iV^„)^^r(f/,,iV^J. 
We write Oj^-kct and A^^^^kct for the presheaves defined as lim (9j5fkct and lim A^^^kct respectively. 

form form OO'i Tl form OO'^ Tl form 

Proposition 2.5. (1) In the algebraic case the presheaves Ox^<=*., C'^kct and iVxkct are sheaves 
and Nxi^ct — > Oj^ket is a morphism of sheaves of multiplicative monoids such that the inverse 
image of O^kot is identified with O^kct • 

(2) In the formal case the presheaves C^xjjct, O^kot (^nd Nx^ot for every /i G N and the 
presheaves Ox^ot , O* kot (^nd Nx^ct are sheaves. Moreover, A^j^kct — )■ Oj^^kct and Nx^ct — )■ 

f o r m ^ £q y f o r m h h f o r m 

Oj^ket is a morphism of sheaves of multiplicative monoids such that the inverse image of (9* kct 

form h 

(resp. C^kct ) is identified with C^kct (resp. C^kct )■ 

form h form 

Proof. An unpublished result of K. Kato implies that the Kummer etale topology is coarser than 
the canonical topology. This imphes the claims that the given presheaves are sheaves, see [III 
§2.7(a)&(b)]. The other properties are clear. 

□ 



2.2.2 The finite Kummer etale sites Uf^^^ 

Let U G X^'^^ and let K <Z L <Z K. In the algebraic case we let U^^^ be the site of finite 
Kummer etale covers of Ul endowed with the log structure defined by N; see jm Def. 3.1]. As 
remarked in jlll Rmk. 3.11] a Kummer etale map Y — )• Ul, inducing a finite and surjective 
morphism at the level of underlying schemes, is a Kummer etale cover. Viceversa [III Cor. 3.10 
& Prop 3.12] implies that any Kummer etale cover Y ^ Ul is Kummer etale and induces a 
finite and surjective morphism on the underlying schemes. 

In the formal case we proceed differently. If ii' C L is a finite extension, let Ul be the rigid 
analytic space associated to L^form^Ox^i let U^^^ be the site whose objects consist of finite 
surjective morphisms W ^ Ul of L-rigid analytic spaces such that 

(1) W is smooth over L; 

(2) for every formal chart 

Spf{OK[P]^OmOK) ^ Spf{R) f/form, 
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the induced morphism W Spm(i?®c)^ L) — > Spm(Cft'[P]®c'^[N]-^) defines a finite and etale 
morphism of rigid analytic spaces over the open subspace of Spm (L{P}) given by Spm(L{PSP}) . 

The morphisms are morphisms as rigid analytic spaces over Ul. The coverings are collections 
of morphisms Wi — )■ W, for i & I, whose images cover W set theoretically. 

Remark 2.6. {i) li W Ul is a. finite morphism of rigid analytic spaces, then for every formal 
chart of U the map 

p-.Wxur^ Spm{R®OK L) Spm(P®Oj^ L) 

is finite by (FdPl Th. III.6.2] so that it is of the form Spm(P) Spm(P®o^ L) for a R®Ok L- 
algebra B which is finite as a i? -^-module. Then, p is finite and etale over Spm(L{P^P}) 
if and only if R ®Ok L{P^] P{PSP} is a finite and separable extension of algebras. Since 
this condition can be checked on i^-points, this holds if and only if R ®Ok ^ \P^'\ B [P^p] is 
finite and etale in the usual sense. 

(ii) Let W ^ Ul he a finite morphism of L-rigid analytic spaces with W smooth over L. 
Then, condition (2) holds if and only if there exist formal charts of f/form which cover t/form and 
for which condition (2) holds. 

(iii) We remark that the definition in the algebraic case coincides with the one provided by 
the analogues of requirements (1) and (2). Indeed, given U G X^^^ and W ^ Ul a Kummer etale 
cover, W ^ Ul is Kummer etale. Thus, W — )■ Spec(L) is log smooth, and in fact smooth as 
the log structure on L is trivial. The analogue of condition (2) holds thanks to |K2[ Prop. 3.8]. 
Viceversa assume that W Ul is a. finite surjective morphism satisfying conditions (1) and 
(2). Let l: Ul ^ Ul he the locus of triviality of the log structure and let j : W° ^ W he 
its inverse image in W. As Ul is log regular, see 12. 4[ the log structure on Ul is defined by 
Ou^ n i*(C[/£) C thanks to [Kl, 11.6]. As W is smooth Ow n C Ow defines a 
fine and saturated log structure on W, cf. [Ill §!•''']• Using this log structure we get a map of 
log schemes W ^ Ul and, as W ^ Ul is finite and surjective, it is exact and log etale, i.e., 
Kummer etale. 

Given a finite extension K C L C L' C K the base change from L to L' provides a morphism 
of sites f/^'^* —7- U^^^. For arbitrary extensions K G L G K, we then get a fibred site t/^^* 
over the category of finite extensions of K contained in L in the sense of [SGAIVt §VI.7.2.1]. 
We let [/^'^* be the site defined by the projective hmit of the fibred site U^^^; see [SGAIVt Def. 
VL8.2.5]. 

Remark 2.7. For example, one has the following explicit description of U^^^. The objects in 
t/-^'^* consist of pairs (W, L) where L is a finite extension of K contained in K and W G Uf^^^. 
Given (W, L) and (W, L') define Homj^fkct ((W, L'), (W, L)) to be the direct limit lim RomL" (W®l' 

L" , W (8l L") over all finite extensions L" of K, contained in K and containing both L and L', 
of the morphisms W ^l' L" ^ W ^l L" as rigid analytic spaces over Ul"- 

2.2.3 Fallings' site 

Let K G L G K he any extension. Let Ex^ he the category defined as follows 
i) the objects consist of pairs [U, W) such that U G X^"^ and W G U^"^; 
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ii) a morphism (f/', W) — )■ {U, W) in Exj^ consists of a pair (a, (3), where a: U' — )■ f/ is a 
morphism in X^'^^ and /3: — )■ W y-u^^ U'j^ is a morphism in U^'^^. 

The pair (X, Xl) is a final object in -Ex^- Moreover, finite projective hmits are representable 
in Ex,^ and, in particular, fibred products exist: the fibred product of the objects ([/', W) and 
([/", W") over (?7, W) is (f/' x^; f/", W W") where W^' Xvk W^" is the fibred product of the 

base-changes of W and W" to {U' Xu ?7")^°* over the base-change of W to {U' Xu U")^^ . See 
jErrl Prop. 2.6]. 

We say that a family {(t/j, VFj) — > {U, W)}i(zi is a covering family if either 
a) {Ui — )■ U}i^i is a covering in and Wi = W Xjjj^ Ui^K for every i G /. 
or 

P) Ui^U for alH G / and {W^ — ^ VTjig/ is a covering in ?7^^*. 

We endow Exj^ with the topology Tx^ generated by the covering families described above 
and denote hj Xl the associated site. We call Tx^ Faltings' topology and Xl Faltings' site 
associated to X. As in |Errt Lemma 2.8] one proves that the so called strict coverings of [U, W) 
(see definition 12.81 below) are cofinal in the collection of all covering families of {U, W). 

Definition 2.8. A family {(t/jj, Wij) — > {U, W)}i^ij^j of morphisms in Ex]^ is called a strict 
covering family if 

a) For each i G / and for every j G J we have an object Ui G X"*®* and isomorphisms Ui = Uij 
in X^'^K 

b) {Ui — )■ f/}je/ is a covering in X^^*. 

c) For every i E I the family {Wij — > W Xu^^ Ui^K}j£j is a covering in U^f. 

This is not Faltings' original definition of the site given in |F3] . We refer to |AI2] for a 
discussion of the differences between the two approaches and motivations for our definition. 

2.2.4 Continuous Functors 

For K C L cl( we let 

'Vx,L '■ — > Xl, zx,l '■ X'^^ — > Xl 

be given by vx,l{U) := ([/, Ul) in the algebraic case and by vx,l{U) := (U, Uk), viewing Uk as 
an object of f/-^*^*, in the formal case and similarly for zx,l- We simply write vl and zl- 
Define 

(3 : Xk — > Xj^ 

by /3{U,W) = {U,W ^kK) (resp. l3{U,W) equal to {U,W) viewed in Xj^) in the algebraic 
(resp. formal) setting. 

Assume we are in the algebraic case. Let X be the p-adic formal scheme associated to X and 
denote hj Xl Faltings' site associated to the formal log scheme X. We then have a morphism 

7l: Xl — > Xl, 
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sending {U, W) to (U, W\^^). Here is defined as follows. Let K C M he a finite extension, 

contained in L, where W ^ Ul is defined. Let W^'^ — )■ be the associated finite Kummer 
etale morphism of analytic spaces. Then W\fj^ is defined by restricting it to the open immersion 

Um C f/|7- We simply write 7 if there is no confusion. 

It is clear that the above functors send covering families to covering families and commute with 
fiber products. In particular they define continuous functors of sites by |SGAIVl Prop. III.L6]. 
They also send final objects to final objects so that they induce morphisms of the associated 
topoi of sheaves. 

Remark 2.9. We provide an alternative presentation of the morphisms above for an arbitrary 
extension K G L (Z K. 

For every finite extension K C M in L, let Xm (resp. Xm) be Faltings' site associated to X 
(resp. X) over M. Let 7m : ^a/ — ^ be the morphism defined in 12.2.41 Given finite extensions 
M C M' of K in L we have a natural morphism of sites um',m '■ — ^ ^m' (resp. um',m '■ — ^ 
Xm') given by {U, W) i-)- (U, W M'). Moreover, we have 7m' ° um',m = um',m ° 7m- 

Let II be the category opposed to the category of finite extensions of K contained in L. Then 
X, (resp. X,) are fibred sites over 1^ via the morphisms it (resp. u) and 7, : X, — )■ X, defines a 
coherent morphism of fibred sites; cf. |SGAIVt §VI. 7.2.1]. Then Xl and X^ are isomorphic to 
the projective limit site of X, and X, and is induced by 7,; see |SGAIV| Def. VI. 8. 2. 5]. 



2.2.5 Geometric points 

Following [ni Def. 4.1] we define a log geometric point s to be the spectrum of an algebraically 
closed field k with log structure Mg such that multiplication by n on Mg/k* is a bijection for 
every integer n prime to the characteristic of k. A log geometric point of {X, N) is a map of log 
schemes from a log geometric point to (X, A^). For any such point x — (X, N), we let [X^, N^) 
be the log strict localization of X at a; as in [II, §4.5]: by definition it is the log strictly local 
log scheme defined as the inverse limit of (U,Nu^ (resp. (t/form, -^form)) over the Kummer etale 
neighborhoods U of x. 

For a field extension K G L in K we define a geometric point of Xl to be a pair {x, y) where 
X is a log geometric point of X and y is a log geometric point of [X^, Nx) over L. 

Given a presheaf J-" on Xl we define the stalk J-'(x,y) of J-" on X to be the direct limit 
liniJ'{U,W) over all pairs [{U, x'), {W,y')) where U is affine, x' is a log geometric point of 
U mapping to x and y' is a log geometric point of W specializing to x' and mapping to y. As 
in |Errt Prop. 3.4] on proves that there are enough geometric points in Xl, i.e. that a sequence 
of sheaves is exact if an only if the induced sequence on stalks is exact for all geometric points 
{x,y). 



2.2.6 The localization functors. 

Let U he a small connected affine object of X'^*'* and write U = Spec{Ru) in the algebraic case 
and Uform '■= Spf(-R(/) in the formal case. Let Njj he the induced log structure {Nu^^^^_^ in the 
formal case). 

Recall that Rjj is an integral domain. Let Cu he an algebraic closure of Frac(i?[/) and 
let C|^^ = (C[/,Xc) be a log geometric point of (Spec{Ru) , Nu) over Cu. Let Quk be the 
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Kummer etale Galois group 7r|^°^(Spec(i?;7[p~^]) , C'^^) , see [m §4.5], classifying Kummer etale 
covers of Spec{^Ru[p^^]) ■ It follows from 12.6] that both in the algebraic case and in the formal 
case the category U^'^^ is equivalent to the category of finite sets with continuous action of 
Quk- Write (i?(7,A^(/) for the direct limit of all the finite normal extensions Ru C S, all log 
structures Ns on Spec(S'x) and all maps {Ru,k, Nu,k) — ^ {Sk, Ns) — )■ (C[7, Nq) such that 
{Ru,K, Nu,k) -> Ns) is finite Kummer etale. Then we have an equivalence of categories 

Sh(t/D ^Rep(^«,), 

from the category of sheaves of abelian groups on U^'^^ to the category of discrete abelian groups 
with continuous action of Quki defined by J-" limJ^((S'A', Ns)) ■ Composing with the restriction 

Sh(XK) Sh(f/f^*) ^ Rep(^z,,) 

we obtain a functor which we simply write as J-" h-> J^(^Ru, Nu), called localization functor. We 
also write 

Sh{XKf Rep{gu^), 7 = ^ J'iRu.Nu) := ]imT4Ru,Nu). 

More generally we fix an extension K d L d K. Write Ru ®Ok ^ '■— YYi=i ^u,i with 
Spec(i?f/,i) connected and let Nu^i be the induced log structure. Fix a log geometric generic 
point Tjj = C|^^ of (Spec(i?(7,i), iV;7^j) over C[/. Write [Ru^i, Njj^i) for the direct limit of all 
finite normal extensions Ru,i C S taken over all morphisms {Ru,i, Nu,i) — )■ (5", Ns) — )■ (Cc/,i, A^c) 
such that {Ru,h Nu,i) — >■ {S, Ns) is finite Kummer etale. We let be the Galois group of 

Ru,i C Ru,i- Eventually, put Ru := HiLi ^u,i and Nu := nr=i ^u,i and 

n 
i=l 

For later purposes ioi L = K and for every i write [Ru,oo,i, Nu,oo,i) as the direct limit of the 
Kummer etale covers {Ru,i, Nu^i) — )• (5", Ns) (mapping to {Cu,i, N^)) of the form S = Ru,i^K[Nu i] 
K[^Nu,i\ for varying n G N. We let Ru,oo ■= HiLi Ru,oo,i and Nu,oo ■= IULi ^u,oo,i- Let "Hcz-j 
be the group of automorphisms of Ru^i as i?;7oo,ralgebra. Let 

n 
i=l 

Let Rep(^(7^) (resp. Rep(^c/^)^) be the category of discrete abelian groups (resp. the category 
of inverse systems of finite abelian groups indexed by N) with continuous action of Qul ■ follows 
from 12.6] and [lit §4-5] that it is equivalent to the category of sheaves (resp. projective limits of 
sheaves) on Uf^'^^. As before we have natural functors called localization functors 

Sh(XL) — >Rep[guL) and Sh(Xi)^ — ^ Rep(^,7^)^ 

defined as follows. If ^ G Sh^X^) is a sheaf of abehan groups its localization is Q(^Ru,Nu) '■= 
®ti0{Ru,i,Nu,i) where g{Ru,^,Nu,^) ■= hrng{U, (Spec(^), Ns)) over all {Ru,u Nu,^) ^ (5, A^^) c 
{Ru,i, Nu,i) as before. 
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2.2.7 The computation of 

Let K C L C K. Let J-" be a sheaf of abehan groups on Xl- 

Proposition 2.10. The sheaf Wvx,l,*{J^) is isomorphic to the sheaf on X"^^* associated to the 
contravariant functor whose values on an affine connected open U G X^^^ is H*(^j/i! -^(-Rc/, ^u)) ■ 
Analogously, the sheaf Wzx,l,*{J^) is isomorphic to the sheaf on X^* associated to the con- 
travariant functor whose values on an affine connected open U G X^^ is W(QuLy-^{Ru,Xu))- 

Proof. The proof is as in |Errt Thm. 3.6]. □ 

Assume that we are in the algebraic case and that X is proper over Ok- Let X be the 
associated formal scheme. For every sheaf L on Xl we have a natural morphism 

ff(Xi,L) ^ff(Xi,7*(L)). 

Proposition 2.11. Let h be a torsion sheaf on Xl- Then, the morphism above is an isomor- 
phism. 

Proof. We first show how to reduce to the case that L is a finite extension of K in K. Due to 
I2.9l the sites and X^ are identified with the projective limit site of the sites X, and X, fibred 
over the finite extensions of K contained in L. Furthermore jl is induced by 7,. It follows from 
|SGAIV| §VI.8.7.1] and |SGAIVl §VI.8.7.3] that 

ff(Xi,L) =limff(XM,L|^„) 

and 

ff (Xl, 7l(L)) = lim ff (Xm, limkj^ 

where the direct limit is taken over the category of all finite extensions M of contained 
in L. Since 72(L)|j^^^ = 7!,^ (Ll^^^^) , if we show that for every M the map H*(XAf,L) — > 

H*(XAf,7Xf (L)) is an isomorphism for every torsion sheaf L on Xm, the map W(^Xl,^) — ?• 
H*(Xl,72(L)) is also an isomorphism for every torsion sheaf L on X^. We are then reduced to 
prove the proposition for K G L a finite extension contained in K. Consider the commutative 
diagram 

Sh(Xz.) ^ Sh(Xi) 

Sh(X^*) ^ Sh(X^t). 
We have compatible spectral sequences 

W{X'\Wzx,L,M) =^ W+'^{XkM 

and 

W{X^\Wz^^,^SYih))) =^ H^+^(Xx,7*(L)). 

It suffices to prove that the natural map W {X''\RPzx,l,*(^)) — > H« (X^*, MPzj^_^_^(7*(L))) is 
an isomorphism. Due to jGai Cor. 1] and the fact that X is proper over Ok this follows if we 
show that the natural map 

iy*{Wzx,LA^)) = Wz^rAl*{^)) 
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is an isomorphism. This can be checked on stalks at geometric points x G X^. Let 0\ ^ 
(resp. J be the hensehzation of Ox,x (resp. Oj^^). Due to 12.101 it suffices to prove that 

the map from the Kummer etale covers of Spec{0\^ ®Ok ^) ^'^ ^^e Kummer etale covers of 
Spec(C^^ given by base change, is an equivalence. In both cases the number of their 

connected components is finite and equal to the degree of the maximal unramified extension K' 
of K contained in L. It thus suffices to show that their Galois groups, by which we mean the 
product of the Galois groups of the connected components, are isomorphic. Such Galois groups 
are isomorphic to [K' : L] times the Galois groups of C^.x ®Ojii L and ^ ®Ojfi L respectively, 
which classify finite and normal extensions which are separable over the locus where the log 
structure is trivial. By construction in both cases the log structures are defined by regular 
elements Fi, . . . , Yj, G Ox,x- Hence, such Galois groups are extensions of the Galois groups of 
^\,x ®Ojii L (resp. of ^ ®Oj^, L) by the product of the inertia groups (= Z) at each of the 
prime ideals defined by Yi for those i G {1, ... ,6} such that Fj is not a unit. Hence, we are 
reduced to prove that the Galois groups of 0\^^ ®o^i L and of ^ ^o^' ^ coincide. It suffices 
to show that the Galois groups of C'^^fp"^] and of C'^^fp"^] coincide. This follows from jElt 
Thm. 5]. 

□ 

For every U G X^^^ affine connected define H*(^(7^,_) to be the 5-functor obtained by 
deriving the functor associating to an inverse system of discrete ^(y^-modules {An}nm the group 
lim An'^'^ . Consider an inverse system of sheaves J-" = {J^n}n ^ Sh(Xi^)^ of abelian groups. 

oo-<— n 

Define Hqj^j(J-') to be the sheaf associated to the contravariant functor sending U G X^"^^, affine 
connected, to H* {QuLA-^niRu)}n) ■ One can also consider the sheaf R'v2°°*(^) obtained by 
deriving the functor J-" — )■ lim Then, proceeding as in [Erri Lemma 3.5] and |AI2t 

Lemma 3.17] one can show there is a functor ial homomorphism of sheaves 

/.(^):H^,i(^) ^RX.(^). 

The next proposition, analogous to I2.10| provides a criterion under which the above mor- 
phism is an isomorphism. Assume that L = K and that {J^njneN is a sheaf of Ajnf-modules 
(resp. of {C;^/p"C-^}„-modules). For every small U G X'^* we write Ru,oo as in 12.2.61 and 
Ru,oo,Oj^ to be the normalization of Ru in Ru,ooK C Ru[p~^]- We write 

-Hu^ := Gal {Ru[p-']/Ru,o.,oJp-']) , := Gal {Ru,oo,Ot,[p'']/RuK) ■ 

We then have an exact sequence 

As in 12.2.61 we define J^(RuooO—) '■= 1™ J^n(Ru oo o—) ■ They are rt/_-modules. 

Given an Ainf-module or an Oj^ module, we say that it is almost zero if it is annihilated by 
any element of ideal X of A^^f (resp. the maximal ideal of Oj^) (see §2.1.1l for the notation). 

Proposition 2.12. Assume that for every small U G X^' and every n G N the following hold: 
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(1) the cokernel of J^n+i{Ru) J^n{Ru) is almost zero; 

(2) for every g > 1 the group W (Tiu^, J^n{Ru)) is almost zero; 

(3) the cokernel of the transition map J^n+i{Ru,oD,Oj^) ~^ ^n{Ru,oo,o^) is almost zero; 

(4) for every covering Z ^ U by small objects in X^°^ and every q > I the Chech cohomology 
group W{^Z — t- U, J^n{Ru,oo,o^ ®Ru Rz)) is almost zero. 

Then, the morphism fi{T) has kernel and cokernel annihilated by any element ofJ^'^ (resp. any 
element of the maximal ideal of O^). 

Proof. We follow the analogous proof given in |AIlt Thm. 6.12]. See also |AI2t Lemma 3.19]. In 
(4) the notation J-'n{Ru,oo,Oj^'^Ru Rz) stands for the following. Write Ru^oo,Oj^ as a direct limit of 
normal i?;/ (9-^- algebras W, finite and Kummer etale after inverting p. Then {Ru,qo,Ot^^Ru Rz) 
is defined to be the direct limit limv^ J^n{Z, Wz), over all W^s, denoting by Wz the object of 
obtained from W via the continuous map of sites — )• Z^. Note that Rz,oo,o-j^[p~^] is a direct 
factor in Ru,oo,o-i^®Ru Rz [p"^] , the group Tz^ is a quotient of Tu-^ and Ru,oo,o-i^'^Ru Rz [p~^] = 
Indp ^Rz,cx).o— is the induced representation as rt/_-module. Hence 

' ■ K K 

^ n {Ru,oo,0-j^ ^Ru Rz) ^Indr^^J-„(i?z,oo,oJ. 

K 

Without loss of generality we may assume that X = U. Via the equivalence of U^^^ with the 
category of finite sets with action of Guj^, "we get a subtopology Uoo C U^'^^ associated to the 
category of finite sets with action of ^Uj^- Let X^ j^ C be the subcategory consisting of pairs 
(V, W) where V G X^'^^ and W G V-^^^ is obtained from an object in Uoo via the continuous 
map of sites f/-^* — )■ V^^. It is closed under fibred products and we endow it with the induced 
topology. The map factors as vj^ = P o a via the continuous morphism of sites 

and the continuous morphism of sites defined by the inclusion (3: ^C^i^ — )■ X^^. We can then 
compute v^^^ as the composite of a™'^* o see 12. 1.31 for the notation. We get a Leray spectral 
sequence 

R^ar* (R^73f (J-„)„eN) =^ K"-^ v^^ (J^^) . 

Note that R'(3^iJ^n)nm = (R*/3*(J'n))„eN- 

5*^6;? 1: We claim that the group R*/3*(J-'n) is almost zero for i > 1. 
For V G X^^^ affine and J-" a sheaf on dcj^ we have 

Ind^'f H° {Hv^,J^(Ry,Nv)) = P*{J'){Ru,oo,o^®Ru Rv), 

as representations of r^_, functorially in V. As in [Err[ Lemma 3.5] one argues that for every i 
we have a map 

Ind/^W {'Hv^,J^{Rv,Nv)) R'P.{J'){Ru,oo,o^^Ru Rv). 
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A geometric point (x, y) of Xj^ defines a geometric point of X^^-^. Arguing as in |Errt Thm. 3.6] 
one proves tliat the map above induces an isomorphism between the stalk R*/3*(J^){a;,j/) and 

lim^^v Indp^^H* ("Hy—, J^(^Rv, ^v)), where the direct hmit is taken over all affine neighborhoods 

V of X. Since we have enough geometric points, this and Assumption (2) imply that R*/3*(J-'n) 
is almost zero for every n and every i > 1. 

Step 2: The computation of R'a^°^*/3*(j;). 

For every i and n G N consider the contravariant functor on -j^ associating to every affine 
connected V G X^''^ the group (Ff/—, /3*(J-'n) (-^(7,00,0-^^ ®i?[7 Rv)) of continuous maps F^ — v 
J-'n{Ru,oo,Oj^^B.u R-v) ■ Assumption (4) implies that the associated sheaf C*(F[/_, has val- 
ues on every affine connected V G X'^'^* equal to the continuous maps F^ — > Tn {Ru,oo,Oj^ 
Rv), up to multiplication by any element of the ideal X of Ai^f (resp. of the maximal ideal 
of Oj^). For V G X^'^^ affine connected we have 

aTP.iJ'nW) = lim J'n{Ru,oo,0^(^Ru Rvf""^- 
oo-i— n ^ 

In particular up to multiplication by any element of X (resp. of the maximal ideal of Oj^) we 
have a long exact sequence 

0^a,(/3,(J-„)) -^C'(Ff7_,/3,(J-„)). 

For every V G X^^^ affine connected the group af^^ (C*(Fc/_,/3*(J'n))) {V) coincides with the 
continuous cochains CUVu—, lim J^niRu 00 o—®Ru RvY)- To conclude the proof of the proposi- 

tion it suffices to show that the higher direct images Waf^^ of C*(F;7_, are almost 
zero. We use the spectral sequence 

lim» {WaX\Tu^,M:Fn)))^^^ =^ R'^^aT {c' u^, MJ'n)) • 

Arguing as in |Errt Lemma 3.5 & Thm. 3.6] one proves that for any sheaf J-" on X^^-f^ and any 
geometric point x of X^^^ the stalk R^a^{J-')x is the limit lima;gy H-^ (^(7^, {Ru,oo,o-j^ ®Ru Rv)) 
over the affine connected neighborhoods V G X^'^^ of x. Up to multiplication by any element of X 
(resp. of the maximal ideal of Oj^) the group H-^ {^Uj^, C^i^Uj^, ^n{Ru,oo,o^ ®Ru Rv))) coincides 
with the cohomology of H-' (F{7_, _) of the module of continuous maps — > J^n {Ru,oo,o^®Ru 
Rv), which is zero for j > 1. We deduce that R%*C'^(F[/_, /3*(J-'„)) is almost zero for j > 1. We 
are left to prove that lim*-*'' (^a^^C^ (Tu—, P^:{J^n))) is almost zero for z > 1. This follows using 
Assumptions (3) and (4); we refer to the proof of |AIlt Prop. 6.15(ii)] for details. 

□ 

2.3 Fontaine's sheaves 

In what follows we will use the following convention. Let iS be a site and let ^ be a sheaf of 
commutative rings with identity on S such that the presheaf of units A* is a sheaf. We need 
the notion of logarithmic geometry in this general setting. We refer to |GRl §6] for the detailed 
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re-elaboration of [K2j . A prelog structure on 5 is a sheaf of monoids M and a morphism of 
multiplicative monoids a: M A. A log structure is a prelog structure such that a induces an 
isomorphism a~^{A)* = A*. The forgetful functor from the category of log structures on A to 
the category of prelog structures admits a left adjoint. We say that a log structure is coherent 
(resp. fine, resp. fine and saturated) if there is an open covering {Ui}i of S such that M|[/. — )■ A\u^ 
is the log structure associated to a morphism of presheaves of multiplicative monoids Pi — )■ A\u, 
such that Pi is a constant presheaf on S\u^ and r([/j,Pj) is finitely generated (resp. finitely 
generated and integral, resp. finitely generated, integral and saturated) for every i. We refer to 
|GRj for details. 

If ^ = {^n}„ G Sh(5)^ is a continuous sheaf of rings, a prelog structure (resp. a log structure 
on A) is a continuous sheaf of monoids M = {M„}„ and a morphism a = {an}n- M ^ A of 
continuous sheaves such that each a„ : M„ — j- An defines a prelog structure (resp. a log structure) 
on An- Also in this case the category of log structures admits a left adjoint. We say that a log 
structure is coherent (resp. fine, resp. fine and saturated) if there is an open covering {Ui}i^j of 
S such that M„|[/. — >• ^n|(7, is coherent (resp. fine, resp. fine and saturated) for every n eN and 
every i E I. 

Given sheaves (or continuous sheaves) of rings A and A' as above and prelog structures 
a: M ^ A and a' : M' A', a morphism of prelog structures is a morphism of sheaves of rings 
f : A ^ A' and a morphism of monoids g: M ^ M' such that a' o g = f o a. A morphism of 
log structures is a morphism as prelog structures. We say that (/, g) is exact if M' is the log 
structure associated to the prelog structure a' o g: M — )■ A' . 

Examples: It follows from 12.5] that: 

(1) in the algebraic case Nx^'^t — )■ Ox^^^ defines a fine and saturated log structure on O^kct. 

(2) in the formal case A^^kot — > Oj^kot for /i G N and A^x^o* ~^ C^x^o' define a log structure 

h h form form 

on Ojfkct (resp. Oj^kct ) which is fine and saturated. 

h form 

2.3.1 The sheaves Ox and dx 

Fix an extension K G L G K. In the algebraic case we define the presheaf of algebras on 
Exl, denoted C^^., by 

Oxl{U, W) := the normalization of r{U, Ou) in T[W, Ow)- 

In the formal case the definition is the same replacing T{U, Ou) with r(f/form, ^Ui^ru)- We also 
define the sub-presheaf of W(A;)-algebras O^ of Ox^ whose sections over {U, W) G Ex,^ consist 
of elements x G Ox^ [U, W) for which there exist a Kummer etale morphism U' ^ U and a 
morphism W — )■ U'j^ over Uk such that x, viewed in T(W, Ow), lies in the image of T(U', Ou')- 
Then we have. 

Proposition 2.13. The presheaves Ox^ (^iT-d O^^ are sheaves. Moreover, O^^ is isomorphic to 
the sheaf v*x l{0 x^-^^) in the algebraic case and is isomorphic to the sheaf v*x ^iO x^'^^ ) in the 
formal case. 

Proof. We prove the statements in the algebraic case. The proof in the formal case is similar 
and left to the reader. We first prove that is a sheaf. Let {{Ua,Wa,i) — > {U,W)}a,i be 
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a strict covering family. We set Uafs ■= Ua Xu and Wa/sij '■= Wa,i Xw ^pj- We have the 
following commutative diagram 

Since {Ua — > U}a is a covering in X^'^^ and for every a, the family {Wa,i — > W x^ Ua}i is a 
covermg m {W Xu Ua,M) it follows from |Nil Prop. 2.18] that the bottom row of the above 
diagram is exact. Moreover the vertical maps are all inclusions therefore / is injective, i. e. Ox^ 
is a separated presheaf. The rest of the argument proceeds as in |AI2[ Prop. 2.11]. 

Since {U, Ul) is the initial object in the category of all pairs [U', U'^) admitting a morphism 
{U^W) — )■ {U' ,U'i) in Xli we conclude that t>^^(Cxkot) is the sheaf on Xm associated to the 
presheaf P{U,W) := T{U,Ou)- In particular, we have a natural surjective map of presheaves 
P — )■ O^" inducing a morphism v*xMiS^x) ^x"- proves that such morphism is an 

isomorphism as in |AI2l Lemma 2.13] using that P{U, W) = T[U, Ou) is normal for every U and 
W byEl □ 

Denote by Ox^^ the inverse system of sheaves of O^-algebras {C^Xi,/p"C^3ei,}„ ^ Sh(XL)^. 

It follows from 12.13] that each Ox^/v^^Xl is a sheaf of f^^((9xkct/p"C^xk<=t) algebras so 
that we get morphisms of monoids f^^(A^jfkct ) — )■ Oxi^lv"'Oxi^ which are compatible for 
varying n G N. Proceeding as in |K2t §1.3], one obtains for every n an associated log structure 
^^L^n ~^ ^Xl/v^^Xl characterized by the fact that the inverse image of (Cx^/p^Cxi,) is 
{OxJp'^Ox.Y. We define 

Nx, ■■= {Nx,,n] Ox, 

to be the induced log structure. By construction it is fine and saturated. For later purposes we 
register the following result: 

Lemma 2.14. Frobenius (p is surjective on Ox^/pOx,- For L = K its kernel is p^^^Oxi^/pOx^^ 

Proof. Using [2l2l6] it suffices to prove that Frobenius is surjective on Rjj/pRu — )■ Rjj/pRu with 
kernel p^^^Ru /pRu. This follows from 13.6) and the normality of Ru- 

□ 

The sheaves Ws,L- For s G Nwe define W,,l := W,{OxJpOxr^) as the sheaf of sets [OxJpOxr^Y 
with ring operations defined using the Witt polynomials. Let A^s,l be the following log struc- 
ture. For s = 1 we let Ni^l be the log structure associated to the log structure Nx,,i Wi,l = 
OxlIpOx,- For general s let Ns^l be the fibred product of monoids 

Ns,L ^ OxJpOx, 
Ni,L OxJpOx,^ 

where ip^ is Frobenius to the s-th power. Since the map ip is surjective by 12.141 the map 
'■ ^s,L — > ^i,L is surjective with kernel 1 + pp^Oxi^/pOxi^- If f/ G X^'^^ is a small affine 
open, we have a chart P = N"+'' -> A^Xl,iI{c^,c/l)' provided by our Assumptions ( §2.1.2p . The 



23 



surjectivity of Lp^ implies that it can be lifted to a map of monoids P — ?■ Ns^l which provides a 
chart of A^^^^ locally over (f/, Ul) (compare with [Tit lemma 1.4.2]). We conclude that A^^.l is a 
fine and saturated sheaf of monoids. 

Let A^Wa L — ^ ^ s,L be the log structure associated to the prelog structure defined as the 
composite of A^^^^, — Ox^^/v^Xl with the Teichmiiller lift O^^j'pO^^ — )■ W^^l. Let 

in Sh(XL)^ be the inverse system of sheaves of W(A;)- algebras {W„,l}^ with the log structures 
{ A^w„ i }„• The transition maps are defined as the composite of the natural projection W„+i,l — t- 
Wn,L and Frobenius on W„,l and the map induced by the natural morphisms A^x^.t ~^ ^Xl,s 
for t > s. Arguing as before, one proves that for every n the log structure A^w„ l ^'^'^ 
saturated. Note that A^^^ ^ endowed with a Frobenius operator, denoted by ip, and 

that L is a continuous sheaf of W(fc) -algebras. We remark that if L = ii' Frobenius is an 
isomorphism on A^^f ^ by 12.141 

The localizations. Let U G X^'^^ be a small affine open with underlying algebra Ru. Then, 
the localizations of the above defined sheaves in the sense of 12.2.61 are 

(1) Ox,{Ru)=Ru; 

(2) Ru — )■ {Ru)- Moreover, the localization of {Nx^,n}n defines on Ru, via this isomor- 
phism, the same log structure as the one associated to the prelog structure ipR^ : P' — )■ Ru — ?• 

Ru defined in §3.11 

(3) W(E+) A^f hiRu) where E+ = lim Ru/pRu is the projective limit taking Frobenius 

' oo<—n 

as transition map. Moreover, the localization of {A^w^iln defines on W(E+) the same log 
structure as the one associated to the map of monoids '4'^^^+^ '■ P' — ^ W(E+) defined in 

Statement (1) is clear. In statements (2) and (3) we have natural morphisms due to (1). The 
proof that they are isomorphisms follows as in |AI2t Prop. 2.15] and the key ingredient is Faltings' 
almost purity theorem in the semistable case for Ru (see l3.3p . The statements concerning the log 
structures follow as by construction Nx^^n and AAyy^^ ^ locally on {U, Ul) admit charts compatible 
with ViJc, and respectively. 

2.3.2 The morphism 6 

One has a natural morphism of continuous sheaves with log structures 

which is strict, i. e. it is such that the log structure A^^^ is the one associated to via Bx,. 
For every n G N the morphism B is the morphism of sheaves associated to the following map 
of presheaves c„. For every object (f/, W) of Xl if we put S = Ox^iU, W), then 

n-l 

Cn{U, W) : WrriS/pS) .= {S/pS^ ^ S/p^S, (sq, Si, ... , ^ J]p*§f 

j=0 
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where for every s G S/pS we denote by 5 a (any) lift of s to S/p"'S. One proves that 
c„(?7, ly) (so, Si, . . . , Sn-i) does not depend on the choice of the hfts Sj of Sj, that c„ defines 
a map of presheaves and that Cn+i modulo is compatible with c„; see |AI2[ §2.4]. Since the 
log structure on S/p^S is the inverse image of the log structure on S/pS, then c„ is compat- 
ible and strict with respect to the log structures. Moreover, if we assume that p^/p" g S, 
then, := [p'/^""'] — p is a well defined element of Wn{S/pS) and it generates the kernel 
of c„: Wn{S/pS) — > S/p^S. For the proof we refer to loc. cit. Thus, 

Corollary 2.15. We have Ker{Q^: Aj^^f — )■ Ox-^j = ^ • ^\ni;K sheaves in S'/i(X-^)^. 
2.3.3 The sheaf K^^^ 

Recall from |AI2t §2.5] that a W{k)-divided power (W(/c)-DP) sheaf of algebras in Sh(j£i) or 
Sh(X£,)^ is a triple (J^, 1, 7) consisting of (1) a sheaf of W(fc)-algebras J-" G SIi^Xm) (resp. an 
inverse system of sheaves of W( A;) -algebras {J-'n} £ Sh(XM)^), (2) a sheaf of ideals X d T 
(resp. an inverse system of sheaves of ideals {X„ C TnW (3) maps 7j : X — )■ X for i G N such 
that for every object (W, W) the triple (j-'(W, >V),X(W, W), 7(2^,w)) (resp. for every n the triple 
(j-'„(Z//, >V),X„(W, W), 7(iY,>v))) is a DP algebra compatible with the standard divided power 
structure on the ideal pW(fc) in the sense of |BOt Ch. 3]. Given a sheaf of W( A;) -algebras Q and 
an ideal J d Q (resp. an inverse system of sheaves of W(/c) -algebras Q and ideals J d Q) the 
W(A;)-divided power envelope of Q with respect to JT" is a W(/c)-divided power sheaf of algebras 
(J-", X, 7) and a morphism Q ^ oi sheaves (or inverse systems of sheaves) of W( A;) -algebras, 
such that J maps to X, which is universal for morphisms as sheaves (or inverse systems of 
sheaves) of W( A;) -algebras from Q to W(A;)-divided power sheaves of algebras J-"' such that J 
maps to the sheaf of ideals of J-"' on which the divided power structure is defined. 

Let A and A! be (continuous) sheaves of W(A;)-algebras on X endowed with fine log structures 
M ^ A and M' — )► A! . Let /: {A, M) — )■ {A , M') be a morphism of sheaves of rings with log 
structures such that the morphism ^ — > is surjective. We call the W{k)-log- divided power 
envelope of {A, M) with respect to f to be 

(1) a W(A;)-divided power (continuous) sheaf of algebras (J-", X, 7) on X and a fine log struc- 
ture H ^ J^; 

(2) a strict morphism of log structures (J-", H) — )• {A' , M') such that J^/X = A' as (continu- 
ous) sheaves of rings; 

(3) a morphism of log structures {A^ M) — > (J-", H) such that the composite with (J^, H) — )• 
{A\M') is /; 

(4) (J^, X, 7,if) is universal among objects satisfying (1), (2) and (3). 

Similarly, we call the log envelope of {A, M) with respect to / to be a (continuous) sheaf with 
log structures J) such that (2) and (3) hold and it is universal for such properties. 

Lemma 2.16. The W{k)-log divided power envelope (resp. the log envelope) of {A,M) with 
respect to f exists. 

Proof. We argue as in |K2l Prop. 5.3]. Assume that the log envelope {S,J) of {A,M) with 
respect to / exists. Then, the W(A;)-divided power envelope of £ with respect to the kernel of 
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the morphism S ^ A' exists by [Bel Thm. 1.2.4.1] and, together with the log structure defined 
by J, it is the W(/c)-log divided power envelope of {A, M) with respect to /. In particular, the 
latter exists. 

We next prove that, under the assumption that M —> A and M' — )■ A' are fine, {S, J) exists. 
Due to the universal property it suffices to prove that {£, J) exists locally on X, cf. |AI2[ Lemma 
2.23]. Let V := {U,W) G X such that {M,A)\v and {M',A')\v admit charts P A\v and 
P' —7- A'\v with P and P' constant sheaves of monoids, integral and finitely generated. Possibly 
after shrinking V we may also assume that / is induced by a morphism of monoids a: P ^ P'. 
Let Q := (a^P)" (P') C P§p. Let S := A\ V ®z[P] ^[Q] with the log structure J associated to the 
morphism of monoids Q S, q ^ 1 ^ q. Then, we have natural morphisms of sheaves of rings 
with log structures {M,A)\v — ^ (i^, J) — ^ {M',A')\v and the latter is exact by construction. We 
leave to the reader to check that {S, J) has the required universal property. □ 



The sheaf AZ^^. Let A^j^ l := {^L,L,nLeN W(/c)-divided power envelope of A+f ^ 

with respect to Ker(0i). It is endowed with a Frobenius operator induced by Frobenius on 
Aj^f L with a decreasing filtration FiPA^j^ l n E Z, defined by the divided power ideal, 
where we put FirA^j^ l = A^jg l for < 0. 

The s/iea/ Aj^g L. Let Qo,l be the morphism of continuous sheaves with log structure 

Qo,L := Ql(^0o- A+f l ®w(fe) O ^dx^. 



Let Aj^gL •= {-^log.L.njngp^ ^c the continuous sheaf defined as the W(A;)-log divided power 
envelope of Aj^f l ®w{fc) O with respect to Qo,l- It exists due to 12.161 We have a natural 
morphism A^j^, l — ^ -^log.L compatible with log structures. 

If L = i^', the sheaf A^._^^ (resp. A^^^^) is a sheaf of Acris-algebras (resp. Aiog-modules) where 
Acris and Aiog are the classical period rings of Ok- We further have the following properties which 
are proven as in |AI2l Prop. 2.24, Lemma 2.26, Prop. 2.28]: 

Frobenius: The Frobenius map ip: W„,l — ?■ W„,l defines maps (p: A^j^ l — ^ -^ctIs.l 
(p: Aj^g L ^ ^k,g,L which are compatible with the morphism A^j^ l — > -^i^g.L- 

Filtration: We have a decreasing filtration FiFAj^gL, for n G Z, defined by the divided power 
ideal and compatible with the filtration on A^j^, l- 

Extension of scalars: We have natural isomorphisms (3* (A^j^ j^) = A^.^ and (3* (Aj^g = 
'^logK compatible with log structures, Frobenius and divided power structures and with the 
morphism A^j, l — ^ ^i^g.L- 

Explicit description: We have natural isomorphisms 

^Jris.K - ^cris, AJ^^^j^ = A+^^j^ ®w(fe) ^log 

compatible with the divided power structures, log structures and Frobenius and such that the 
morphism A^._^ — y Aj^ is induced by the natural morphism Acris — ^ ^log- In particular. 
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^1) the Acris- linear derivation d: Ai^g — > ^log^ defines on Aj^ ^ an A^._^ ^^-linear derivation 



log,K 

-J A V A V 

^- ^log,K ^^log,K^ 

which is suriective and satisfies A^. ^ = A^'°'^°: 

cris,K log,K 

(2) the inclusion A^.^^ C -^j^gx ^P^^^ injective with left inverse defined as the morphism 
which is the identity on A^.^ and sends (u — l)'"! to for every G N; 

(3) the inclusion A^. ^ C A7 -^^ is strict with respect to filtrations; 

^ ' cns,K log,K ^ ' 

Localization: For U a small object of X*^"* with underlying algebra Ru we have 

compatibly with the action of Qu^, filtrations, Frobenius where A^ig(i?[/) and A'^^{Ri/) are 
defined in 13.41 

2.3.4 The sheaf Aiog 

Fix the following notation. 

(ALG) For every n G N we write Sn := Spec ((9/ {Pt,{Z))"'^ with the log structure M„ defined 
by i)o- _ _ 

{FORM) For every n G N we write Sn '■= Spec(C/(p, P^(Z))") with the log structure M„ 
defined by ipo- 

In both cases we assume that a global deformation of (X, M) to O exists. More precisely, 
we assume that for every n G N we have a log scheme (X„, and log smooth morphism of log 
schemes of finite type /„ : A^„) — )■ (S^, M„) such that A^„) is isomorphic as log scheme 
over (S'„,M„) to the fibred product of Xn+i) and (S'„,M„) over (S'„+i, M„+i) . 

Remark 2.17. Since (X, M) is log smooth over (S", X) (resp. (Xi, ^i) is log smooth over {Si, Ni)) 
it follows from ]K2\ Prop. 3.14] that such a deformation of (X, M) to O always exist Zariski 
locally on X. For example, it exists if X is affine and in such a case any two deformations are 
isomorphic. It exists also if Xi is of relative dimension 1 over Si. 

Given a small object U G X'^''*, for every n G N we let ([/„, Hn) — )■ (X„, X„) be the unique 
Kummer etale morphism deforming the morphism f/ — > X. Write (f/form, -f^form) for the formal 
scheme with log structure defined by (f/„, If f/form = Spf(-R), we call a formal chart of 

(f/form, -f^form) a chart 

W(fc)[P]§wW[N]0^^, 

inducing a chart of U as in 12.11 

The sheaves Og? and bj'~. Define the sheaf on X'^'^* by setting O^ JIJ) := r(f7„, O^J. 
Let (0^,„/p"0^,J„,p, € Sh(X^-)^. Let ' 
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be the natural surjective map of sheaves of rings. It induces a strict morphism of log structures 



for every n. Let {'^ x nlP^^ x nl^n ^ Sh(X'^®*)^ be the continuous sheaf defined as the W(A;)- 
log divided power envelope of ^ x Jv^^ x n with respect to the kernel of see I2.16[ Write 



■= I'^y^xJ^'^^xT- Then, 

Of = O^0oO{PAZ)), 

where the completion is taken with respect to the {p, Z)-adic topology (or equivalently the p-adic 
topology). In particular, if ?7 is a small object of X^^^ and if R is the algebra underlying f/j 
we have df{U) ^ ^cHs in the notation of lCTl 



form; 



X 



Let d be the relative dimension of X over Ok- For every integer < i < d let ~ (U) 
(resp. a;~ AU)) be the module of global sections of the sheaf of logarithmic Kahler differ- 
entials of relative to (5,,M„) (resp. W(A;)). Let co'~^^ E ShiX'^^'f (resp. ^^^^^^ G 

ShiX'^^'f) be the continuous sheaf {u^'^^/^Jnem (^^^P- (^k/w{fc))neN)- 

The s/iea/ Aiog,L- Let 6j^^ be the morphism of continuous sheaves with log structure 

Define Aiog,L := {Aiog,L,n}„gN ^^e W(A;)-log divided power envelope of A+j l ®w(fc) ^x.lI^x) 
with respect to 6^^. It exists due to 12.161 It is endowed with a decreasing filtration FifAiog^L 
for z G Z, defined by the DP ideal, where FiFAj^g l = Aj^g l i < 0. By construction we have 
a natural morphism Aj^gL — ^ -^log.L? compatible with the filtrations. 

Explicit description. Let U he a small object of X'^'^* and we fix compatible charts 

W(fc)[P]®w(fc)[N]0 ^ i?, W(A;)[P] 

for the log structure on f/form = Spf(i?) (resp. on U = Spec(i?) in the algebraic case and of 
t/form = Spf(i?) in the formal case). Recall that P = W x Let ei, . . . , Ca+b be the standard 
generators of P and write 

Xi := ipj^ici), Xi = ^jR^Ci) VI < z < a Yj := tpj^{ea+j), Yj := ipniea+j) VI < j < 6. 



^P 



®W(fc) 



Let Z„ — Uk be the object in U^"^^ with underlying algebra i? y<wik)iP] W(/c) 
(epn) . Write ^„ := ([/, and P|^"- := t;^,^ {O^) {U, Z„). Write X,„„ := X,'/^" in S„/pS'„ 

I 1 1 / jD^^ 

and [Xj^„J equal to the Teichmiiller lift of Xj^„ for i = 1, . . . ,a. Similarly put Yj^n •= ^ in 
Sn/pSn and [y'j.n] equal to the Teichmiiller lift of Yj^n for j = 1, . . . , 6 in W„(S'„/p5'„). We also 
have the element vTpn g Sn/pSn and we write [vfpn] for its Teichmiiller lift. Then: 

Proposition 2.18. The kernel of the map Wn{Sn/pSn) ®w(fc) ~^ Sn/p^Sn defined by 

is the ideal [Xj,n] ® 1 — 1 ® Xj, \Y 01 — 1® Vj) for 1 < i < a and 1 < j < b or the ideal 
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(^n, [Tfpn] O 1 - 1 (g) Z, \Xi^n] ®l-l®Xi, [Fj- „] ®l-l®Yj) for2<i<a andl<j <h. In 
particular, 

Alog,L,n|(l/,Z„) = ^l^g,L,n (^2,n " 1, • • • , ^^a.n " 1, ^1,^ - 1, • • • , Wft,^ - 1) 

with Vi := ^ ^'"-^ for i = 1, . . . , a and Wj := ^ ^"^ for j = 1, . . . , 6. 

Proof. It follows from 12.3.2] that modulo ^„ the kernel of Gj^ ^ on W„(S'„,/pS'„) ®w(fc) R^^^ is the 
kernel of Sn/p^Sn ®w(fc) -R'^™ — ^ Sn/p"'Sn- The first claim follows by an explicit computation, 

cf.EH 

The second part of the proposition follows as in [ AI2i Lemma 2.30, Thm. 2.31]. 

□ 

Extension of scalars. We have a natural isomorphism /3* (Aiog.x) — -^logK compatible with 
log structures and divided power structures and with the morphism Aj^g L — ^ Aiog,L- 

Frohenius. For U a small object of X^^^ as above let Fu be the unique homomorphism 
Fjj\ R ^ R inducing Frobenius modulo p and compatible, via the chart ipj^., with the map 
W(A;)[P] — W(/c)[P] given by Frobenius on W(fc) and multiplication by p on P. This produces 
a Frobenius Fjj on on fx,L(^x) \ (u,Ul)- Together with Frobenius on A^^ ^ it defines a Frobenius 
on Aj^jL ®w(fc) "^x compatible with the log structures. Using I^TTSl one proves that 

it extends to a Frobenius morphism ipu on ^\og^-L\ {u,Ul) compatible with Frobenius defined on 
Aj^g L ^"^^ with the log structures. 

Localization. For [/ a small object of X^"^^ write U := Spf(/2) with induced log structure. 
Using [2A8] one proves that 

^log,L(-Rf/) - A^gl-Rf/), 

compatibly with action of Qul^ filtrations, Frobenius. Here, Aiog(-R{/) is the ring, with log 
structure, defined in §3.41 

2.3.5 Properties of Aj^g and Aiog 

For T = O or T = W{k) consider the continuous sheaf of locally free Vxl{Ox) — 

O^'J^-modules over X^. The de Rham complex on Xn for every n G N defines a de Rham complex 
^*x,Mi^'x/T) ^^^"^ set a complex A+f l ®w{fc) v*x^m{^'x/t) ■ 

Convention: In order to simplify the notation, for every sheaf of O^^-modules S and any 
sheaf of C^-modules M we write £ M for £ ""x.mI-^)- 

One can prove as in |AI2[ §2.7] that the de Rham complex above extends uniquely to a 
complex 

Alog,L Aiog,L ^log,L ^\/rp > ■■■ ■ 

Using the description given in in 12.181 we have that is Aj^g L-linear and sends (vi — 1)'"^ 
to —{vi — l)["~^]fjc/logXi for i = 2, . . . ,a and sends {wj — l)^"] to —{wj — lY'"'^^^Wjd\ogYj for 
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j = 1, . . . ,b. Similarly, V^j-;.) is A^^gL-linear and sends {vi — 1)^"! to —{vi — I)'" ^^VidlogXi for 
i = 1, . . . , a and sends (wj — to —{wj — lY'^^^^WjdlogYj for j = 1, . . . , b. Moreover, 

Proposition 2.19. Writing Vt := and V* := and V := we have that: 



I. for every r eN the sequence — > FifAj^g l — ^ FirAiog,L Fif "^Aiog,L ®o ~ w-^^ ^ 
Fif^^Aiog.L ^\io ■ ■ ■ exact; 



i\ for every r e N the sequence — > Fir'A^jgL — > Fif'Aiog^L — Fif ^Aiog,L ^Ojj 
^x/w{;i) —^■■■^s exact; 

a. the natural inclusion Aj^g l ^ Aiog,L identifies KeriV) with Aj^g l/ 
m'. t/ie natural inclusion A^j^ l C Aiog,L identifies irer(Vw(fc)) '"'^^^ -^CTis.L;' 
m. (Griffiths' transversality) we have Vt (Fir(Aiog,L)) C Fir^"*^ (Aiog,L) ®c»^ ^j(/T ^'^^ every r; 
iv. the connection Vt : Aiog,L — > Mog,L '^^/t- ^■^ quasi-nilpotent; 

V. let U he small and choose a Frobenius F^j on a formal chart of Ufovm- Then, Frobenius (pu 
on Aiog,L I ((/,[/£) is horizontal with respect to Vt\{u,Ul) ^- ^t\{u,Ul) ° V^c/ = {'^u®dF^^ o 

^t\{U,Ul)- 

Proof. The proof is formal and follows from the explicit description given in 12.181 We refer to 
|Xl2l Prop. 2.37] for details. 

□ 

2.3.6 The sheaves Mf^^ and Biog 

In this section we denote by A any one of A^j^ l, Aj^g L or Aiog,L- For every integer r define 
the continuous sheaf A(r) := 'Lp{r)®i^K (thought of as "At"''") with filtration FiPA(r) : = 
Zp(r)(8>ZpFiP'''''A for z G Z. Let the (local) Frobenius ipr'- A(r) — )■ A{pr) be defined by p"*" 
times the (local) Frobenius on A (coming from the fact that ip{t) = pt). This makes sense since 
p^^ = (p — 1)!^ G Acris ■ so that p'"^ is a well defined element of A{pr). Let the connection 

V'+\r): Aiog,L(r)®o^a;^/^ ^ Aiog,L(r)®o^u;f/^^ 
be the one obtained from the one Aiog.L^Oj^i^^y^- One defines V^^^^^(r) in a similar way. 



As in |AI2t §2.8] one proves that, given integers r > s, multiplication by f'^''^ provide mor- 
phisms Lr^s '■ A(s) — )■ A(r) which respect all the above structures and satisfy L^^r ° i-r,s = ^u,s for 
integers u > r > s. Define 



^CTis.L) ®log,L) ®log,L 



in the category Ind (Sh(XM)^) of inductive systems of continuous sheaves as the inductive 
systems of the sheaves A^jg L(r), (resp. Aj^ L(r), resp. Aiog,L('")) with respect to the morphisms 



30 



Lr,s for s < r. They are endowed with a descending filtration FirB^jg l, FirBj^g l Fil"'lBiog,L 
defined by the inductive systems FirA^jg L(r), FirAj^g L(r) (resp. Fil"Aiog,L('")) for varying r G 
Z. Moreover, B^j^l ^.nd Bj^gL (resp. ^iog,L\(u,UL) ^ ^ -^^"^^ small) are each endowed with a 
Frobenius defined as the inductive limits of the Frobenii (fr- We also get de Rham complexes 

18log,L > lBiog,L (^O^ ^x/T ^ ®log,L ®Cij^ ^x/T ^ ' ' ' 

for T = (9 or T = W{k). As in |AI2t Lemma 2.41] one proves the following: 

Lemma 2.20. (1) Multiplication by p is an isomorphism on Fil"B^jg L, l^CTis.L? Fil"®iog,L; ®iog,L; 
FirBiog,L an(iBiog,L. 

(2) For every r G Z U {-oo}, putting Fir^^Bj^gL = B^^gL and Fir°°Biog,L = Biog,L and 
V* := Vq, we have exact sequences of inductive systems 



FifBi^g^L — > FirBiog,L ^ Fir-^Biog,L ^ Fir-2Biog,L ^ ■ ■ ■ 

anc? 

^W(fe) ^W(fe) 

— )■ FiFB^^jg^L — ^ FirBiog,L — > FiF" Biog,L®c)~c<;jf/^(;.) — Fif" Miog^i^^o^^^x/^^^) — ^ ' ' ' 

(3) for U G X^^^ small, Frobenius ipu on Biog,L|((7,i/L) ^■^ horizontal with respect to y\{u,UL) 
and induces Frobenius on '^'\og,h\(u,UL)- 

(4) for U G X'^'^' small, K^^^iRu) = B^^^{Ru) and Biog,L(Ru) = B,^^(Ru), as defined m 
^3.4\ compatibly with Frobenius, filtrations, Qu^-action and connections. 

2.3.7 The sheaves iJ^g K and Bj^g^ 

Recall from §2.11 that we have a natural map f^^ : B\og — > -BdR, with image -Biog, sending Z to 
TT. Let Aiog be the image of Aiog. Define Aj^g and Bj^g as the quotient Aj^ ^ ®Aiog ^log and 



log. 



®Bi„g -Slog, respectively, with image filtration. Due to §2.3.31 we have isomorphisms 

^log,K - Kni:K ^log, l^log.K " ^ilif,K -Blog 



in Sh(X;f^)^ and in Ind (Sh(3£-f^)^) respectively. These isomorphisms preserve the filtrations. 
Similarly, define 

^log,K ■= ^log,K ®Aiog ^log, Blog.K ■= l^log.K ®i?iog ^log 

with image filtration. As f-^iO) = Ok, we have Oj^^o^iog = Ox ®Ok ^log- In particular Aj^^g 
and BjQg are Ox^o^Aog, resp. Ox ^Ok-S log- modules. Due to 12.191 and 12.201 they are endowed 
with connections relative to Aiog, resp. -Biog and the filtrations satisfies Griffiths' transversality. 
Set Fir~Ai^g_j^ = Aiog^K and similarly for Aj^g^K) ®iog,K and Bj^g 
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Lemma 2.21. (i) We have B^;, ^ K C B^^g k. 
(a) Using the notation of \2.18\ we have 

^log,K,nl(C/,^n) = ^l!g,K,n (^2,n " 1, • • • , fa,n " 1, - 1, ... , - l) ; 

(Hi) The de Rham complexes — > FirA^^g — > FiFAj^g FiV Ai^^^^a^ujj^^^^ — > ■ ■ ■ 

and — > Fir'Bi^g K — > Fil'^Bi^g ^ ^ Fif-^Bi^g ^ ^Ox ^x/Ok — ^ ' ' ' ^^^^^ for r e ZU 
{-oo}; 

Proof, (i) It follows from 12.1] 

(ii) It is the analogue of 12.181 The details are left to the reader. 

(iii) The fact that we have sequences follows from 12.19^ 1) and l2.20T 2). The exactness follows 
from (ii). 

□ 

2.3.8 The monodromy diagram 

Consider the exact sequence — > — ^ '^^/w(A:) — ^ ^h/o — ^ ^' induces for every 
i > 1 an exact sequence — )■ (^^^J^ A ^ — > f^j^^^^.^-) — > ^^x/o — ^ ^' '^^^^ imphes that the 
following sequence of complexes is exact for every n G ZU {— oo}: 

Fir-iBiog,L uj'~-'^ FirBiog,L c^~/w(fe) — > FirBiog,L 0' 

where i^^^^ and ^^jf^i^y^^^ are set to be for i < and we define FiPBiog,L = Biog,L for = — oo. 
Taking the homology and using lemma [2.201 we get the exact sequence (of complexes) 

Fii-^B,^g,L^[-i] ^ Fnl,,^^ FnZ,,L 0. 

We let N: FiPBi^g L — > FiFBj^g L be the morphism defined hj d = N§. Then, 

(i) we have N o ip = pip o N on Bj^g l; 

(ii) is surjective on FiPB^ ^ with kernel FiFB^. ^. 

^ ' ■' log,K cnSjK 

Indeed, it follows from 12.191 that A^. ^ is the kernel of the monodromy operator on A^ ^. 

' criSjK ^ ^ log,K 

We deduce that B^. ^ is the kernel of the monodromy operator N: B^ — y B7 ^. Moreover, 

cris,K ^ log,K logjK ' 

the monodromy operator is surjective on Fil'Aj^^^ and, hence, on Fil'Bj^^^ by the explicit 
description of A^ ^ given in ^2.3.31 By loc. cit. the inclusion A^. ^ C A^ ^ is strict so that 

log,K ^ ' criSjK log,K 

the kernel of on FiPB^ ^ is FiPB^. ^ as claimed. 

log,K criSjK 

2.3.9 The fundamental exact diagram 

Let us assume that we are in the formal case. The following commutative diagram called the 
crystalline fundamental diagram of sheaves has exact rows: 
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^ Q„ ^ Fil°B^. - B^. ^ ^ 

' cns,K cris,K 

n n II 

— ^ (B^. -)^=i ^ B^. ^ B^. _ ^ 0. 

^ cns,K' criSjK cris,K 

We refer to |AI2t §2.9] for the proof. 

We now consider the following diagram called the fundamental diagram of sheaves: 



^ Q, ^ FifB^. ^ ^^A^^ BV ^ © BV. _ (^il^^) BV -^0 

cns.K logjK cris,K log,K 

n n n || 



0^ B^:'^;^ B,^ ^ B,^ ^©B,^ ^ B7 ^ -^0. 

cris,K logjK iog,K iogji^ iog,K 



Lemma 2.22. Both rows in the fundamental diagram are exact sequences. 

Proof. Since N o(p = pipo N, the rows define sequences. It follows from 12.3^ that (B^._^ j^)'^"-'^ = 

'EJj^^^''^~^ , and similarly for Fil°, and that is surjective on Bj^^ This and the exactness in 
the crystalline fundamental diagram imply the exactness on the left and on the right of both 
rows in the fundamental diagram. 

Since N is suriective on B."^ tt, to prove the exactness at B^ -r^ © B^ it of the second row 

it suffices to show that 09 — 1 sends b7'^°, which is B^. ^, suriectively onto b7'^° — B^. ^. 

~ logjK ' cris,K' ■' '' log,K cns,K 

This follows from the exactness in the middle of the second row of the crystalline fundamental 
diagram. We deduce that the second row in the fundamental diagram is exact. The exactness 
of the first row is proven similarly. 

□ 



2.3.10 Cohomology of Biog and Biog 

Let Of °^ to be the image of Oj^^o-Biog ^ ^T^^^-^^iogjK ^ith image filtration, considering the 
composite of the filtration on By^^ and the P7r(^)-adic filtration ow O^-. Due to 13.42( 3) it is 
a direct factor in O y-®oB\o^. The aim of this section is to prove the following result. Write 
Fir~Bi„g K := ®iog,K and Fir°°Bi„g K := ^log.K with the notation of g2X71 

Proposition 2.23. For every r G Z U {— c>o} vje have: 

R^-^f- (FirB,„g,K) = 

Similarly 



p-^r^geo 



ifj>l 
ifj = 0. 
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Proof. We prove the first statement. Lemma [2 .241 §2.3.4l and 13.391 imply that Wv^'^^ (-^logEl"^)) 
is annihilated by a power of t if j > 1. From loc. cit. and 13.42( 3) we also get the state- 
ment for r = — oo and for K^v^^^ (FiV'M^^^j^Y For the statement concerning the vanishing of 

Wv^^^ (FirBjjjg j^) for j > 1 we argue as in §3.5.41 As t annihilates Gr' Aj^g j^(m), we conclude 
that R-'f^'^*Fir (Aj^g j^(m)) is annihilated by a power of t depending on m and r. Hence, the 
image of RJw|5';^*Fir (Aj^g ^(m)) in Wv^^'W'^ {A^^^ -^{m + N)) is 0. We are then left to prove 
that the kernel of the map R^v^'^W (Aj^g ^(m + A^)) ^ R^v^'^^FiV-^ {Kg,Kirn + N)) is an- 
nihilated by a power of p. Proceeding by induction on N, it suffices to show that the cokernel 
of R^-^v^'^W (Ai„g K(m)) ^ W-^v^'^^Gt'' (Ai„g K(m)) is annihilated by a power of p. The lat- 
ter cohomology group can be computed using [221 which implies that R'v^^'^Gt'' (Ai„gK(m)) = 

HGai(G'i'^'^iog,K("^)) ■ is sufficient to prove that for every i eN the cokernel of the composite 
map 

Heal (Fir Ai,g,K(m)) ^ R^v^^iV {K,,^{m)) ^ Hh^^r^ K,,kM) 
is annihilated by a power of p. This is proved in 13.571 

The second statement is proved similarly. □ 

In the proof of proposition 12.231 we used the following lemma: 

Lemma 2.24. The assumptions in \2.12\ hold for the sheaves (a) Ox-j^; (h) A[Qgj^(m) for every 
m G Z; (c) T = Gy^ K^^^-^{rn) for every m and r E Z; (d) AjQgj^(m) for every m G Z; (e) 
T = Gr'^ Ajog j^(m) for every m and r G Z. 

Proof. See §2.3.71 for the definition of Aj^g j^(m). Proceeding as in |AI2| Prop. 3.18] one reduces 

to the proof for Ox-j^ and the sheaves 7^, s G N, using 12.181 in cases (b) and (c) and using 

I2.21( ii) for cases (d) and (e). For Ox— and W^;^^ the proof follows arguing as in |AI1[ Thm 
6.16(A)&(B)]. 

□ 

Let U G X^"^^ be a small object and let (p he a Frobenius on Biog,K|{(7,;7K)- 

Lemma 2.25. There is a power s of the Frobenius morphism on f ^'^^ ( (Biog,K) | {u,Uk)) j depending 

on the prime p, which factors via the natural inclusion 0^[p~^~\\u C f^"* {(^iog,K)\{u,UK)) ■ ^''^ 
fact 8 = 1 for p > 3 and s = 2 for p = 2. 

Proof This follows from [22Q] and [3301 

□ 



2.4 Semistable sheaves and their cohomology 

As before we fix an extension K G L G K. 

Qp-adic etale sheaves. By a p-adic sheaf L on we mean a continuous system {L„} G 
Sh(XL)^ such that L„ is a locally constant sheaf of Z/p^Z-modules, free of finite rank, and L„ = 
L„_i_i/p"L„_i_i for every n G N. It is an abelian tensor category. Define Sh(^i)Qp to be the full 
subcategory of Ind (Sh(X|J^)^) consisting of inductive systems of the form (L)jgz where L is a 
p-adic etale sheaf and the transition maps L — )■ L are given by multiplication by p. It inherits 
from the category of p-adic sheaves on Xl the structure of an abelian tensor category. 
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2.4.1 The functor Bf^" 

Given a Qp-adic sheaf L on Xj^ define 

It is a sheaf of C-'l^^-modules in Sh(X'^'^*), see §2.3.101 for the notation. We get a functor 

»£:Sh(Xy),^-^Mod(of°J. 

Then, 

(1) Df„°g(L) is endowed with a decreasing fihration FirDf^g°(L) := vl,* (L^ZpFiPBi^g k) for 

(2) Df°° (L) is endowed with a connection 

Vl,w(.): Df:;(L) Df4°(L) ^^^^^^ 

defined by vj^^^[l (g) V^^^^) where V^^^^^ is the connection on Bj^g j^; 

(3) for every U smaU and a choice of Frobenius on f/form we have a Frobenius opera- 
tor Lpi^^u- ^iog(J^)\u — ^ Diog,L(IL')|(7 defined as v^^^ {1 ^ ipu) where ipu is the Frobenius on 

®log,Kl(C/,C/L)- 

2.4.2 Geometrically semistable sheaves 

A Qp-adic sheaf L = {L„}„ on Xj^ is called geometrically semistable if 

i. there exists a coherent Oj^^oAiog-submodule D(L) of Df^°(L) such that: 

(a) it is stable under the connection VL,w(fc) and Vl,w(A;)|d(l) is integrable and topologically 
nilpotent on -D(L); 

(b) Df4°(L) =D(L)®^,„^5iog; 

(c) there exist integers h and n G M such that for every small affine U the map t'^V'L.r/ 
sends D{L)\if to D{L)\if and multiplication by t"' on D{L)\u factors via t^ipi^^u. 

ii. Df^°(L) is locally free of finite rank on X^"^^ as -module. 

iii. the natural map aiog,L: ^\ol^)® (^q^.'^o ^I^iog.K — ^ I^®Zp^^iog,K is an isomorphism in the 
category Ind (Sh(X;^)N). 

We let Sh(X;^)gs be the full subcategory of Qp-adic etale sheaves on X;^ consisting of geo- 
metrically semistable sheaves. 
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2.4.3 The functor DfJ 



Assume that X is a small afiine so that a Frobenius on and ip on Biog,K are defined. We 

get a map vk,* (Biog,K) — > OfiP^^ induced by cf. 12:251 Given a Qp-adic sheaf L on Xk 
define 



. (Biog.x) 



Then, Df^^L) is a sheaf of C5P[p-i]-modules in Sh(X'^^*) . As in [AEl Lemma 3.3] one can prove 



that the sheaf Df^°(L) is endowed with an action of Gk and 



log 



I^K,* I *'log,K ) 



* (ll^log,K) 



It follows that Dj'Jg defines a functor 



jar 
hog- 



Moreover, 



(1) Dj^j^g(L) is endowed with a decreasing filtration Fil"'DfJg(L), for ri G Z, given by the 
inverse image of vk,* {h^zViVMiog^Kj 

via the map Dj'Jg(L) — >• v^,* (L^ZpI^iog.K) induced by 

on Biog^K; 

(2) DfJg(L) is endowed with a connection 

Vl,w(.) : DrJg(L) D-g(L) ^^^^^^ 
defined by fL,*(l ® ^w{A;)) where V^j-^-, is the connection on Biog,L- We write 

Vl,o: (L) D-g(L) 
for the connection induced by the connection on Biog,L; 

(3) we have a Frobenius operator ipi^: DfJg(L) — > DfJg(L) defined as vl^^ (1 ® if) where ip is 
the Frobenius on Biog,K- By construction it is compatible with the Frobenius on . 

Localization of Qp-adic Stale sheaves. Let Rx be the algebra underlying the afiine (formal) 
scheme X and let Rx be a deformation to O as in 12.171 The localization L„(i?x) is given 
by a free module with continuous action of Qx^ which we denote by VxiJ^n)- Write 

Vx{h) = lim Vx{hn)- Define 

oo<— n 

Gx- 

K 



Dfo7"1^x(L)) := [yx{^ Ki{Rx 
and 

^ ' cris 

as in gnSl Since ^x.crisb"^] = d^\p-^]{X), see g2331 it follows from E^Q] that 
Dfo:(L)(X) ^ Df„7"^(V3,(L)), Dr4(L)(X) ^ DS^^(V3,(L)) 
as -Rx,crisb^^]-iriodules compatibly with Frobenius, filtrations, connections. 
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2.4.4 Semistable sheaves 



As in the previous section we assume that X is a small affine. Following [(Tj Def. 1.1] we denote 
by Coh(C'~^®ZpQp) the full subcategory of sheaves of O -^-modules isomorphic to Fi^ZpQp for 

some coherent sheaf F of C^P-modules on X^^^. A Qp-adic sheaf L = {L„}„ on Xk is called 
semistable if 

i. Df4(L) isinCoh(a5P®2;,Qp); 

ii. the natural map aiog,L: (L)®gDpBiog,K — > IL'®z„IBiog,K is an isomorphism in the cate- 
gory Ind (Sh(Xii-)^) of inductive system of continuous sheaves. 

We let Sh(X/^)ss be the full subcategory of Qp-adic etale sheaves on Xk consisting of semistable 
sheaves. 

Proposition 2.26. The following are equivalent: 

1) h is semistable (resp. geometrically semistable); 

2) for every small object U of X^°^ the representation V[/(L) is semistable (resp. geometrically 
semistable) in the sense of \3. 60\ (resp. \3. 65) : 

3) there is a covering {Ui}i of X^^ by small objects such that V[/j(L) is semistable (resp. ge- 
ometrically semistable). 

In particular, if is a semistable sheaf on Xk then (3*{L) is a geometrically semistable sheaf 
on and Df:°(/3*(L)) = /3* (Df4(L)ggBP0f . 

Proof. We refer to [AI2^ Prop. 3.7] for the proof of the equivalences of (1), (2) and (3). The last 
assertion follows from this equivalence and 13.71 

□ 

2.4.5 The category of filtered Probenius isocrystals 

Let Ocris be the W(/i;)-divided power envelope of O with respect to the kernel of the morphism 
of W(/c)-algebras O — )■ Ok sending Z to vr. It is endowed with the log structure coming from 
O. Following |K2l §5], consider the site [Xo/Ocris)™^, where Xq := X Spec(Cx/pC'ic), 
consisting of quintuples {U, T, Mt, l, S) where 

(a) U — 7- Xq is Kummer etale, 

(b) (T, Mt) is a fine log scheme over Ocns (with its log structure) in which p is locally 
nilpotent, 

(c) l: f/ — 7- T is an exact closed immersion over Ocris, 

(d) 6 is DP structure on the ideal defining the closed immersion U G T, compatible with the 
DP structure on Ocris- 

We let Crys(Xo/(9) be the category of crystals of finitely presented Oxo/o^.i^-'^'^odules on 
(Xo/aris)LT' cf. lK2lDef6.1]. 
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Given a crystal E let En be the crystal En '■= E/p^E. It defines a -^-module, 
endowed with integrable connection V„ relative to Ocris/p"C'cris; see |K2t Thm. 6.2]. Let Ej^ : = 
lim En be the finitely presented sheaf of O -^-modules on Xk^^ with the connection V^:- relative 

oo<— n ^ ^ 

to Ocris- 

Let Isoc(Xo/0) be the category of isocrystals, i.e., the full subcategory of the category of 
inductive systems Ind(Crys(Xo/C)) consisting of the inductive system E ^ E ^ E ^ ■ ■ ■ 
where (1) is a crystal and the transition maps E ^ E are multiplication by p; (2) E^ [p^^] is 
a finite and projective sheaf of -modules locally on X^^^. 

The absolute Frobenius on Xq and the given Frobenius (po on O define a morphism of sites 

F : {Xo/Ocns)Zg ^ {Xo/Ocns)Zg- 

Let FIso{Xq/0) be the category of F -isocrystals consisting of pairs {E, (f) where E is an isocrystal 
and ip: F*{E) — i- £^ is an isomorphism of isocrystals. 

We have two natural maps of W( A;) -algebras endowed with log structures: 

i) Ccris — ^ Ok, sending Z to vr; 

ii) OcTis W{k)~^, sending Z to 0. Here W{k)'^ is W(A;) with the log structure associated to 
N W{k) given by 1 0. 

Both maps are compatible with log structures and divided powers, considering on Ok and 
on W{k) the standard DP on the ideal generated by p. Given a crystal E we denote by Ex 
(resp. E~^) the base change of E via the map (i) (resp. (ii)); see |BQt Prop. 5.8]. In particular. 
Ex defines a sheaf of Ox-modules endowed with an integrable connection V^:^^ relative to Ok- 
Similarly, for an isocrystal E we let Ex^ be the finite and projective sheaf of Ox ®Ok -f^-modules 
obtained by base change of It comes equipped with an integrable connection V^-^^^ defined by 
Vfjj.. Base changing E via the map (ii) we obtain an isocrystal E^ in \soc{Xq/ Ok)- As the map 
(ii) is Frobenius equivariant, if £ is a Frobenius crystal or isocrystal, then E^ is also a Frobenius 
crystal (resp. isocrystal). Summarizing, given an isocrystal E G Isoc(Xo/C) we get a composite 
functor 

Isoc(Xo/0) Co\i{df®^M Go\i{dx®OKK), E^E^^ Ex,- 

Define FIso^^^(X/(9), called the category of filtered Frobenius isocrystals, to be the category 
whose objects are triples [E, y?, FiPi^xA') where 

(a) {E^ip) is an object of FIso(Xo/(9); 

(b) the connection V on E^ lifts to a connection V£:^,w(fe) relative to Kq such that Frobenius 
is horizontal with respect to V£:~,w(A:); 

(c) YiT'Exk is an exhaustive and descending filtration by finite and projective Cx^-modules 
on Exji satisfying Griffiths' transversality. 

It is naturally a tensor category. 

' / / \ ens \ 

Cohoraology of isocrystals. Consider an object E G \soc{Xq/ O). Define ff((Xo/(9cris)iQg 
using the formalism of l2.1.3l for the cohomology of inductive systems. It is a Ocris -module. 
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If £ is an F-isocrystal, it is endowed with a Frobenius (^s^i. Define 
as the image of the Ccris-hnearization ips j (g)^ Ccris- 

^ ' ^ '^cris 

Let £^ be the associated coherent O -^-module with connection V^--. It follows from |K2t 
Thm. 6.4] that we have a canonical isomorphism 

ff ((Xo/a^is);:;,^) = HjiR(Xo, V,^)) [p-'] 

as Ocris -modules. Recall that by assumption Vf- is the composite of Vf~,w{fc) and the 
surjection — ^ ^\/o' "^^^ exact sequence 

and the connection V^:~,w{fc) define a long exact sequence of co homology groups 

In particular, H*((Xo/(9cris)™^ is endowed with a logarithmic connection Vs,i relative to 
I ^ — n ^ 



The relation with rigid cohomology. Frobenius on O extends to a map 0cris — ^ C^cris which 
factors via the natural map /: Ccris — ^ C^max = W[Z] |^^^^^|; see 13.591 Let g: Omax — > C^cris 

be the induced map. Let Xmax := ^®c»C^max, where the completed tensor product is with 
respect to the p-adic topology. Let Sj^ := i^j^ ^o^^j^Cmax be the base change of Sj^ via /. The 
connection Vw(k) (resp. V^-) defines a connection Vp- w(k) (resp. Vp- ). Since £ is an F- 

isocrystal, the base-change max^dmax^crisb""^] is isomorphic to as 0~^[p~^]-modules 

with connection so that we get a natural map of Ocris- modules 



a 



The connection Vw(fc) defines a connection V on II^j^(Xmax, ("^x max' ^^'x max)) IP ^] ^'^'^ 
horizontal with respect to the connections on the two sides. 

Proposition 2.27. Assume that X is proper over Ok and let (^£, (p, Firf^x^) ^ FIso^'^(X/(9). 

(1) The map a is injective with image II*((Xo/(9cris)^Qg ,^^)'^ ; 

(2) the connection Vs,i is horizontal with respect to Frobenius (ps,i on II*((Xo/(9cris)"g 

(3) the module H*((Xo/(9cris)j^Qg ,^^)''' is finite and free as Ocns\p^^\ -module and the 
Ccris [p ""^j -linearization of ips^i is an isomorphism; 
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(4) the base change o/H*((Xo/(9cris)||^g,^^)'^ via Ccris — > K, sending Z to vr, is isomor- 
phic to Hjp{^(Xo, '^■5 K-vector space; 

(5) the base change ci/ff((Xo/(9cris)|^Qg;^^)'^ via Ocris — ^ W(/c), sending Z to 0, coincides 

with H*((Xfc/W(/c)~'")™^£^+) as Ko-modules, compatibly with Frobenius. The residue ofVs,i 
defines a nilpotent operator Ng^i, called the monodromy operator, which satisfies N^^i o ip = 
pip o Ns,i; 

(6) there is a unique isomorphism 

compatible with Frobenius and inducing the identity modulo Z . Moreover, via this isomorphism 
one has V s,i = Ns^i ®1 + 1® d. 

Proof. (2) Follows from the fact that V£-,w(fc) is horizontal with respect to Frobenius on £. 
(5) The formula relating Ns^i and (ps^i follows from the fact that ips^i is horizontal. 

Claims (3)-(6) follow if we prove claim (1) and the analogue (3'), (4') etc., of (3), (4) 

etc. for H^f^(Xmax, (^x max' max)) \p~^\ ^'^'^ 'i^ote that by construction a commutes with 
Frobenius on the two sides. 

(3') First of all, H^j^(Xmax, (%,max' '^fx.max)) [^~^] ^^^^^ Cmax[p"^] -module. This fol- 
lows from the Hodge to de Rham spectral sequence using that the cohomology of £^ ®^xn^^^ 
uj\ I is coherent since Xinax Spf(Omax) is proper and Omax is noetherian. Secondly, since 



it is endowed with a connection V' with respect to the derivation on Cmax, it is a projective 
Cmax[p"^] -module by ^ Prop. 8.8]. 

(4')-(5') Since ^^xmaxt^*"^] ^ projective Cj^^^^ -module, the formation of 

HW(^max, (%,max,V.^_J)[j)-^] 



commutes with base-change from Omax[p In particular, H^j^(Xmax, max ' „,,,)) [P ^] 
coincides with ii'^^{Xk, {Sx^,VexJ) modulo P^{Z)/p and with W[[XkM{k)+)"^^^,£+) mod- 
ulo Z (by Ha Thm. 6.4]). 

(3') (continued) The Frobenius structure on 8 defines a Omax -linear map 

F: Hj,^(X_, V,^ _)) Omax[p"^] ^ H^R(Xmax, (%,max, V.- _) ) [p"^] . 

The base change of F via any map of W( A;) -algebras Omax[p^^] — > Kq, with Kq d K'q a. 
finite unramified extension, is the map induced by Frobenius on the cohomology of the isocrystal 
over Xmax ®c>n,ax -^0 defined by (% n,ax' ^^x,^^^ ^Omax-^o- In particular, Fk'^ is an isomorphism. 
Since the maximal ideals of Omax defining an unramified extension of Kq are dense in 
Spec(Cmax ) and since F is a map of projective Cmax -modules of the same rank, we 
conclude that F is an isomorphism. 

(6') Let7o: ff ((X,/W(fc)+);;;, [p-i] ^ Hjjj,(Xmax, (%,max, V.^^_)) [p^^] be any map of 

i^'o- vector spaces inducing the identity modulo Z. Its image spans Hjj^(Xmax5 {£-x max' £~ )) b~ 
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as Cmax[p ^] -module in a neighborhood of the maximal ideal defined hy Z — 0. Possibly after 
composing 70 with a power of F we may assume that it spans it as Omax [p~^] -module. Write 

00 

n=0 

where F and Fq are the two Probenius morphisms. Fix a basis B of W[[Xk/'W{k)~^)'^^^^, S^) \p~^] 
as Xo-vector space and take s e N such that detFo e p~^W{k). The image of B via F o 70 o 
Fq^ — 7o is contained in ^H^j^(Xinax, {^x max' "^^x max)) some /i e N so that the power series 
F" o 70^0 Fo-" - F"-i o 70 o Fo-("-') is contained in pr^H^ {X^n.., (^x.max- V^:^ _J ) . Note 
that ^ e Cmax andp"-/i+(n-l)s ^ 00 for n ^ 00. Thus, 7 = F o 700^0"^- 70 + ^;^^i(F"o 
7ooFo~'^ — F"~-'^o7ooFq ^■') converges and 7 is well defined. By construction F07 = 700F0 and 
7 = Id modulo Z. This implies that the image of 7 spans H^j^(Xmax, (^x max' max)) l^*"^] 
Omax [p~^] -module. Hence, 7(i3) is a basis as well which provides the analogue of the isomorphism 
in (6). 

Given two such morphisms 7 and 7' one argues that 7 — 7' = F"(7 — j')Fq~^ and the latter 
converges to for n — )■ 00 so that 7 = 7'. For the last formula in (6') it suffices to show that 
^e,i 07 — 70 (iVf j • dlog Z + dj =0. The difference is modulo Z and the composite with Fq 
has on the one hand the same image, since Fq is an isomorphism, and on the other hand is 
modulo ZP. Iterating this process we conclude that it is zero modulo Z^" for every n and, hence, 
it must be 0. 

(1) Consider the commutative diagram 

H^R (^max, (%,i„ax' '^^x.max) ) ®Oma. ^^ris ^^"^ H^R (^max, (%,inax' ^£x,rnj ) ®Omax C'cris 

a Ocrisi la 
Hk(X., V,J) [p-^] "^'^"'^ H^r(X., V.J) [p-] . 

The Ocris -linearization of (^.^j factors via a as Frobenius on factors via Moreover, 
F (g) Ocris is an isomorphism by (3'). We deduce that a 0'^ Ocris is split injective. Since the map 
a (X)*^ Ocris is injective and Frobenius (/? on OcHs is injective, we conclude that a is injective and 
the linearization of Frobenius on its image is an isomorphism. The proposition follows. □ 



2.4.6 A geometric variant. 

Let Xq := X Xoj^ Spec {O / pOj^) . Let (Xo/Aiog)"^ and {Xo/Acris)ll'^ be the site defined by 
replacing O with ^log with its log structure and divided power structure (resp. with ^cris with 
trivial log structure). Let A :— Aiog or ^cris- Then, proceeding as above, we let Crys(Xo/^) 
be the category of crystals of finitely presented O^x^^/^- modules on (^Xo/A^^^^\ Given a crystal 

£ let be the finitely presented sheaf of Cj^(8)oA-modules on Xq , endowed with connection 
V relative to A, defined by the inverse limit £\(Xocx ^oA/p"^)' ^ '~ -^log -Scris- Put 
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Let Isoc(Xo/v4), the category of isocrystals, be the full subcategory of the category of in- 
ductive systems Ind(Crys(Xo/A)) consisting of the inductive system £ ^ S ^ S ^ ■ ■ ■ where 

(1) £^ is a crystal and the transition maps S ^ S are multiplication by t (not by p as before!), 

(2) S^^ is a finite and projective sheaf of 0-^°^^- modules on Xq with connections V^- rela- 
tive to B. If B = B\og consider the map fj^: B\og — -Biog sending Z to tt defined in 12.11 Write 
£xk '■= "^Xs ®-Biog -^log! it is a Ox ^Ok-^ log- module with connection Vx^ relative to -Biog obtained 
from V^;- 

""Slog _ 

The category of F-isocrystals FIso(Xo/A) consists of pairs (S,^) where £ is an isocrystal 
and (f: F*{£) — )■ £^ is an isomorphism of isocrystals. 

Consider on Cx^o^ -Biog the filtration Cx^Oj^ Fil'i?iog defined by the filtration on Biog C i?dR 
induced by the filtration on -BdR- Define by FIso^'^X/Aiog), called the category of filtered 
Frohenius isocrystals the tensor category whose objects as triples y?, FiF£^X/f ) where 

(a) {8, if) is an F-isocrystal on (Xo/Aris)^^'^ ; 

(b) FiP^X/f! n G Z, is a descending filtration by Cx®w(A;)-Siog- modules on Sx^ such that 

(i) Fil'^(Ox§w(fc)^iog) ■ Fir^x,, Fir+Yx,, 

(ii) the graded pieces are finite and projective Ox®OK'^p-'^od\i\es, 

(iii) it satisfies Griffiths' transversality with respect to the connection Vx^- 

Cohomology of isocrystals. Consider an object £ G Isoc(Xo/Acris)- As before we view S as 
an inductive system of inverse systems {£n}n ^ Ind ^Sh ^(Xo/Aiog)™^j ^ and we define 

ff((^oM,og)LT,^) 

using the formalism of 12.1.31 It is a i?iog-module, endowed with a Frobenius ips^i, and we have a 
canonical isomorphism 

ff ((Xo/ans):;,^:) = (Xo, {Sx,^^^,Ve,^J^ 

as i?iog-modules. Note that HJjj^ (Xq, {^Xk^ Vx^)) is an i?iog-module with a filtration, the Hodge 
filtration, compatible with the filtration on -Biog. The surjective map £^ — > £xk induces a 

-Slog 

morphism on cohomology, compatible with filtrations and Gft-action, 

((Xo/aris)LT'^) (^0, (^^X,, Vx,)) . 



2.4.7 Properties of semistable sheaves. 

We now drop the assumption that X is a small affine and deal with the general case. Let L 
be a Qp-adic sheaf L = {L^ijn on Xk- We say that it is semistable if there exists a covering 
{Ui}i^i of X by small objects such that I^Iijj^Uk) is semistable in the sense of 12.4.41 For every i 
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we write DfJg(L). for the 0^[p ^]| [/.-module with connection, Frobenius and filtration associ- 
ated to U\{jj^Uj^) in I2.4.3I It follows from 12^26) and |3?M1 that we have a canonical isomorphism 
DfogWilc/^nc/, = Df„'g(L).|[/,nc/,-, for every i and j G /, as 0?P[p-^]|t/^nc/, -modules compatible 
with connections and filtrations. In particular the modules DfJg(L)^, z G / glue to a coherent 
[p~^]-module Dfjg (L) endowed with connection and a filtration Fil'DfJg (L) . Moreover for the 

same reason, for every small object U G X^"^^ we have that DfJg(L)|[/ is the C~^[p~^] | [/-module 
with connection and filtration defined in 12.4. 3[ In particular once chosen a lift of Frobenius 
on ?7form we also get a Frobenius on DfJg(L) \ u. 

Proposition 2.28. Assume that L is semistable. Then, 

(1) Dj*Qg(L) is a projective 0^^[p~^] -module of finite rank; 

(2) Gr"DfJg(L) := FirOfJg (L) /Fir+^DfJg (L) are projective Ox ®w(fc) K-modules of finite 
rank; 

(3) the connections VL,w(fc) CL'^^d Vl,c» Q'^e integrable and topologically nilpotent (with respect 
to the special fiber Xq ) and satisfy Griffiths ' transversality with respect to the filtration; 

(4) for every small object, Frobenius on B>f^^(L,)\u is horizontal with respect to the 
connections VL,w(fc) O'l^'d Vl.o restricted to U and is etale i.e., the map 

(^L,f/ ® 1 : Orjg (L) I u ® S'^DP Of Df^ (L) I u 

u 

is an isomorphism of Of [p~^] -modules; 

(5) for every n G Z the morphism 

Gr"aiog,L: Gr°D;:,yL) GrXg,K ^ Gr" (L®z,Biog,K) , 

a+b=n 

induced by aiog,L; is an isomorphism in Ind(S'/i(Xi4-)^) . In particular, aiog,L is strict with respect 
to the filtrations and it is compatible with Frobenii and connections; 

(6) the map DfJg(L)(8)0Dp(9?'°^^ — > Df°g(L) is an isomorphism, strictly compatible with the 
filtrations and Df^^" (L) is a direct summand in DfJg(L)(8)e)^^.^i?iog compatible with the filtrations. 
See %2.3.1(A for the notation. It is isomorphic to DfJg(L)(8)c)^^.^i?iog if Xk is geometrically con- 
nected over K; 

(7) there exists a coherent Of -submodule D(L) o/DfJg(L) such that: 

(l.i) it is stable under the connections and Vl,w(A;)|d(l) is integrable and topologically nilpo- 
tent, 

(7. Hi) there exist integers h and G N such that for every small U the map p^^p^^u sends 
D{L,)\u to D{L)\u, it is horizontal with respect to VL,w(fc)|D(L) o,nd multiplication byp^ on D{L)\u 
factors via p^ifh^u- 

Proof. (1) follows from 13.601 

(2)-(4) follow from 13.61] after restricting to small open afiines of X. 
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(5) The fact that Gr"aiog,L is an isomorphism follows from 13.22^ 3) for DATi(V). 13.29( 4) and 
13.61( 4). The compatibilities with Frobenius and connections are clear. 

(6) the first claim follows from 13.671 The second follows from the fact that 0^~° is a direct 

summand in O^^oBiog and is isomorphic to it if is geometrically connected over K due to 
[3213). 

(7.i) and (7.ii) hold after restricting to small open affines of X due to I3.6.2[ Claim (7.iii) 
holds by (4). Since X is a noetherian space and can be covered by finitely many small affines, 
the claim follows. □ 

Corollary 2.29. If h is a semistable sheaf on Xk, there exists a unique filtered Frobenius 
isocrystal [£, y?, FU'Ex^) such that 

(i) DfjJ'g(L) = compatibly with the connections; 

(a) FiF'Sxk defined by the image o/ Fil"'DfJg(L) via the isomorphism in (i). Moreover, 

FiV^Exk ^^'^ Gr"£^Xx •= ^^^"'^Xk/^^^^^^^Xk locally free Ox^^-'modules of finite rank and the 
filtration on Dj'Jg(L) is uniquely characterized by the fact that its image in £xk ^■^ Fil'^x^ ^^'^ 
it satisfies Griffiths' tranversality with respect to VL.w(fc)- 

(Hi) for every small affine U, writing R for the algebra underlying Uform, the isomorphism in 
(i) restricted to U is compatible with Frobenii, the one on DjJJ'g(L)|(7 given in \2.4-3\ and the one 
on £x\u defined by the Frobenius Fjj on R. 

Proof. The existence of an isocrystal £ such that (i) holds follows from 12.281 (7). The uniqueness 
follows from the characterization of crystals on (Xo/(9cris)||^g in terms of (95^-modules given in 
[K2l Thm. 6.2]. 

(ii) provides the definition of the filtration. The fact that it satisfies Griffiths' transversality, 
that it consists of locally free Cx^'^iodules and that its graded quotient also consist of locally 
free 0XK"^odules and the fact that we can recover the original filtration on DfJg(L) follow from 
[Ml]and[322](2). 

(in) the required property and 12.281 (4) define ip\u on £x\u, up to multiplication by p, and 
hence on the crystal £\ui, by |K2t Thm. 6.2]. We are left to show that the v^lc/'s glue for varying 
?7's. This follows from 13.641 

□ 

By abuse of notation we simply write 



log 



: Sh(X;,)^^-^FIso^^^(X/C») 



for the induced functor. We let FIso^''(X/(9)'^'^™, the category of so called admissible filtered 
Frobenius isocrystals be its essential image. Let £_ := (^£, ip, Fil"£^Xx) be a filtered Frobenius 
isocrystal. Define 

Viog(^) := Fil° (i;^(£:^)®c^DPBiog,K)^''*''"°''^~' e Ind (Sh(X^)^) . 

Here, we endow with the filtrations provided in I2.29( ii) and f^(^^x)®c»Dp]Biog,K with the 
composite filtration. 
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Proposition 2.30. The functor Bf^^: Sh^Xx)^^ — > Flso^'^^{X/0)^"^ defines an equivalence of 
categories with left quasi-inverse Viog. Moreover, 

(i) ifh and L' are semistable sheaves, then also L®Zp L' is semistable and DfJg^Lcg)^^ L') = 



(a) if h is a semistable sheaf, then also is semistable and B>f^^(Ly) = DfJg(L)^; 

(Hi) if h is a semistable sheaf, then /3*(L) is a geometrically semistable sheaf on Xj^ in the 



sense of ^2.4-^ and 

as filtered Frobenius isocrystals on Xq relative to A^ris in the sense of ^^^J^ 

In particular, Shi^Xx)^^ and FIso^''(X/(9)'^'^™ are tannakian categories and Dfjg defines an 
equivalence of abelian tensor categories. 

Proof. It follows from 12.3.91 and the definition of semistable sheaf in 12.4.71 that we have isomor- 
phisms of functors Viog o Dj'Jg = Id and Dfjg o Viog = Id considering the categories Sh(Xi<')_,_, and 
FIso^''(X/(9)^'^™ respectively. In particular the functor Dj^J is fully faithful. Being essentially 



surjective by definition of FIso(X/(9)^'^™, we conclude that DfJ is an equivalence of categories. 



log 

The fact that Sh [Xk) is closed under tensor products and duals follow from 12.261 and 13.631 
The fact that Dfjg commutes with tensor products and duals also follows from the description 
of Dj^Jg(L) on small affine formal subschemes given in 12.4.31 and from 13.631 Claim (iii) has been 
proven in 12.261 and 12.28( 6). The Frobenius structure is defined for Df°°(/3*(L)) only on small 
affines and is compatible with the one on Dj'j^g(L). This compatibility allows us to define a global 
Frobenius structure on Df^" (/3*(L)) inherited from the Frobenius structure on Dj*Jg(L). 

□ 

2.4.8 Cohomology of semistable sheaves 

Theorem 2.31. For L a semistable sheaf on Xk there is a canonical isomorphism of 5- functors 
from Sh{XK)ss: 

ff (X^,L® Ij^^j,) = ((Xo/aHs)::g'»fo;°(L)), 

of B\og-modules, compatible with action ofCx, Frobenius, monodromy operator N and strictly 
compatible with the filtrations. In fact for every r & Z we have isomorphisms of Ai^g-modules 
which are Gx-equivariant and compatible for varying r's and with the previous isomorphism, 

W L ® Finl^^^) = W {X^^\ Fir-Df4°(L) c.^/^) . 

Here we write L for /3*(L) by abuse of notation. We identify Df°g(L) with the Frobenius 
crystal Dj'Jg (L) CS^dp (9^° using [2^301 111) . In particular, we have an isomorphism 

((Xo/aHs):>f:g(L)) = W{X^^\Bf:^^{h) 

as i?iog- modules. Note that L ® Bj^^ ^ is quasi- isomorphic to the complex L ® "^log^ ^*x/o 
by 12.201 which is quasi-isomorphic to Bj^g ®o^~° Df^" (L) ^'x/o ^■^ definition of semistable 
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sheaf and l2.30T iii). Thus the fact that we have isomorphisms of Siog-modules as claimed in the 
Theorem is a formal consequence of 12.201 

The filtrations. The filtration on H*(X;^, L ® Kj^gj^) is defined as the image of H*(X;^, L 
FiFBjJ^j^). The filtration Fifff ((Xo/ans);;^ , Df^^lL)) on ff ((Xo/ans)Lt.»fog(L)) is de- 
fined as the image of H*(X'^^*, FiF—Df^'°(L) ^'x/o)- to [QUI we are left to prove that 
j^j^mnt^L ® FifBi^gK) vanishes for every j > 1 and every r G Z. Note that L ® FirBi^g^ - 
Fir (Df4°(L) ®o|o Bi^g K^ which is Fir(DfJg(L) ^^dp M^^^ j^) by EJ^iii). We are reduced to 
prove the vanishing of R%|^°*Fil"' ^DfjJ'g(L) ^^dp ©logK^ for every j > 1 and every r G Z. As 

DfJg(L) = Fil''DfJg(L) for /i-small enough, we conclude that R^v^""^ (^Fil'DfJg(L) (g)^DP Fil*Bi„g 

is for every s < h and every t G Z thanks to 12. 231 Using 12.28( 2) and proceeding by induction 
on s we get the vanishing for every s and t G Z. We conclude using [2^281 5). 

Galois action. The Galois action on H^f^(X''*, FirDf^^g (L)) is induced by the Galois action on 
Df^'g" (L) . The Galois action on {Xj^, L^FifBj^g ^) arises via the isomorphism /3* (L® Fif Aj'^g k) = 
L^FiFAj^^^. The verification of the compatibility with G/^-action is formal; see |AI2l Thm. 3.15] 
for details. 

Frobenius: The Frobenius on H* (Xt^, L®^ B7 j^] is induced by Frobenius on B^ r^. Frobe- 

y i\i P logjK J log,K 

nius on ff ((Xo/Ocris)'„'g,Df„°g°(L)) is defined by Frobenius on Df;g°(L) defined in^W^m). The 
proof of the compatibility of the isomorphism with Frobenius is as in |AI2t Thm. 3.15]. We refer 
to loc. cit. for details. 

Monodromy: The monodromy operator N on H* (X;^, L^B^^^ ^ is defined by the B^.^ ^^-linear 
derivation Bj^^^ — > ^ZgK^ induced by the W(fc)-hnear derivation O on O. 

The monodromy on EI*(X'^°*, Df™ (L) ^'x/o) defined by taking the long exact sequence 
in cohomology associated to the short exact sequence 

^ Df:g°(L) ®o, c.--/^ A f ^ Df-(L) c.^/w(.) ^"^(L) ®o, u:'^,^ ^ 

of complexes deduced from 12. 3. HI relating the derivations VL,w(fc) and Vl.o- It provides for every 
i a map Ni^^- 

The verification of the compatibility in 12.311 with the monodromy operator is a formal conse- 
quence of the following exact sequence of complexes, see I2.3.8[ 



0-^ Biog,L cV-;^ A f — . Kiog,L -> Biog.L c.^/^ ^ 0. 
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A variant: We use the notation of gMH Let (Df^''°(L)x^, Vpgeo^L)^^) be Df^''" (L) ®b,,^ Biog. 
It is a sheaf of Ox ^o^-^ log- modules with connection relative to i?iog and filtration satisfying 
Griffiths' transversality. See loc. cit. Recall that in §2.3.71 we have defined ©j^g as K^^^ ®Biog 
Slog and similarly for Biog^K- 

Theorem 2.32. We have an isomorphism of 6 -functors: 

for L a semistahle sheaf on X^. The above isomorphism is B\og-linear, compatible with action 
of Gk and strictly compatible with the filtrations. 

Proof. This is a variant of 12. 311 using the quasi- isomorphism of complexes 

L ® Fiflilg^K = L ® Fir-li„g,K ®Ox ^x/Ok 
provided by I2.2H the isomorphism 

L ^ Firli„g,K = Fir (B,„g,K Df:°(L)) = Fir (li,g,K ®ofl^ Df4°(L)x,) 

and the vanishing of Wv^"^^ (FirBj^g j^) for j > 1 and the fact that for j = it coincides with 
Fir ((^f _°„giA,,:Biog) , proven inUM □ 

2.4.9 The comparison isomorphism for semistable sheaves in the proper case 

We assume that we are in the formal case and that there exists a proper, geometrically connected 
and log smooth morphism X^'^ — )■ Spec^Ox) whose associated p-adic logarithmic formal scheme 
is / : X — Spf((9/^). The main result of this section is 

Theorem 2.33. Let h be a semistable sheaf on Xk- Then W (X^^, L) is a semistable represen- 
tation of Gk for every i > and 

At (ff (X^,L)) = ff ((X,/W(A;)+);;;,Df4(L)+) 

compatibly with Frobenius and monodromy operators and filtrations after extension of scalars to 
K. Such an isomorphism is an isomorphism of 6-functors on the category of semistable sheaves. 
Moreover, H* {Xj^, _) satisfies Kiinneth formula for semistable sheaves on Xk and D^t commutes 
with the Kiinneth formula. 

The map of sites u: Xk — > ^k^: sending (f/, W) H- W sends covering families to covering 
families, commutes with fibred products and sends the final object to the final object. In 
particular it is continuous and the push-forward defines a morphism : Sh(X^) — > Sh^Xx) 
which extends to inductive systems of continuous sheaves. It is an immediate verification that 
it sends Qp-adic sheaves on X^*, defined in a way similar to §2.4[ to Qp-adic sheaves on Xk- 
Given any such sheaf L we write L, by abuse of notation, also for its image m*(L) in Sh(XL)Qp. 
We get a map {Xj^, L) — > W {X^\ L) . 
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Theorem 2.34. ( IF3[ Thm. 9]) The map above induces an isomorphism H* {^k', L) — H* {X^^, L) 
of Gk -modules. In particular, W (X;^, L) is finite dimensional as Qp-vector space. 

Remark 2.35. Faltings' proof uses Poincare duality for locally constant sheaves on Xj^ and on 
X^. If X is smooth over Ok, one has a more direct proof suggested in [F3t Thm. 9]. Via a 
Leray spectral sequence argument, it amounts to prove that the higher direct images of Qp-adic 
sheaves with respect to the maps Sh(X^) — > Sh(X'^^*) and Sh(X^) — > Sh{X^^^) coincide. 
This is worked out in detail in |AIll Prop. 4.9] if X has trivial log structure and in Olsson |01] 
in general. 

Let L be a semistable sheaf. Write 

A(L) := ((X,/W(A:)+);;^D- (L)+). 

It is is a finite dimensional i^o-vector space since / is assumed to be proper. Moreover, thanks 
to \2.27\ we have 

ff ((Xo/aris)i„t'»rog(L))^-"'^ = A(L) ans[p~'], 

where <y9 — div stands for the image of Frobenius linearized. The above isomorphism is compatible 
with the Frobenii and with the logarithmic connections relative to Ocris-modules. Consider the 
natural morphisms 

«4 _ 1a (2) 

Here the top row is deduced from the isomorphism 

which follows from 12.28( 6) and the assumption that X^^ is geometrically connected over K. It 
is compatible with the Frobenii, connections Vl.i relative to -Biog, filtrations and Gi^-actions. 
The bottom row is defined by the natural map 5iog — )• -Biog, defined in 12. which induces the 
map Ccris Ok- It is a morphism of filtered Biog-modules. Let Ccris be the complex 

CcHs : (iV, 1 - pv) : B^^^_^ © ^l^^^ B;^^^^ 

and let Ciog be the complex 

Clog : (iV, 1 - p^) : B^^^^^ © B^^^^^ B^^^_^. 

Proposition 2.36. (1) The derivation Nj^^i on ff ((Xq/ Ccris )'„'g,Df„'°( L)), defined m pi^Tg , 
is surjective with kernel isomorphic to H* (jCt^, L © B^.^ as Bcrm-modules, compatible with 

Frobenii. The same result applies to H* ((Xo/(9cris)|j^''', Dfog (L))'^ 
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(2) For every i we have exact sequences 



((xo/ans)::>f:°(L)) -> o. 

/n particular, the natural map H*(3C;^, L © Ccris) — H*(X;^, L © Ciog) «s injective for every i. 

(3) The morphisms 7^ and are isomorphisms and 7l «s strictly compatible with the filtra- 
tions. 

(4) The morphisms Ui and Pi in ^ are surjective. 

Proof. We identify the cohomology group H^(X;^, L^Bi^J with ((Xo/Ocris)'„'g , Df4°(L)) using 
12.311 Let {S,'V) be the module with connection on X^ax associated to DfJg(L); see 12.271 As 
explained in 12.4.51 and using that the isomorphism 3f^^(L)'^Oc^isB\og — Df^°(L) provided by 
12.28( 6). we conclude that we have an isomorphism 

((Xo/an.)LT'»f:g(L)) = H^R(x,,^§i?,og) 

compatible with the connection relative to -Bcris- Frobenius on i?iog factors via the natural map 
/ : Biog -> 5max and g : fi^ax ^ ^log so that the image of Frobenius on ( (Xq/ Ccris) Zg ' ®fog (^) ) 
factors, using the identifications above, via 

The last isomorphism comes from the fact that Hjj^(Xfe, S) is a finite Cmax-module and Cmax — ^ 
^max is almost flat by 13.321 We conclude from 12.271 that 7^ is an isomorphism. The proof that 
7l is an isomorphism is similar using the isomorphism 



log 



;L)x,,§a,,5iog = Df;°(L)x,, 



of filtered Cx^Ox-^iog-i^odules endowed with a connection relative to -Biog, obtained via the 
base change B\og -Biog (inducing the map O — )■ Ok sending Z to vr). 

(1) The derivation X: rr, — > ^ is suriective. Its kernel is B^. ^ and the inclu- 

^ ' log,K log,K ■' criSjK 

sion Ml.^^^ C B;^^^^ is split injective; see EAl Identifying ff ((Xo/aris)i„'g , Dfo'g (L)) with 
H*(X;f^, L (8) Kj^gj^) and using that the map induced by X on the latter is split surjective for 
every i, the first part of the claim follows. Since N o (f = pip o N and (f is an isomorphism 
on B^.^j^, we conclude that X preserves the image of Frobenius and the last part of the claim 
follows. 
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If (3) holds, then since is nilpotent on -Di(L) and it is surjective on -Biog, the monodromy 
operator is surjective on ff((Xo/(9cris)|^Qg , ID)f™(L))'^ . This concludes the proof of (1). 

(2) The given short exact sequence, beside the exactness on the left and on the right, is ob- 
tained from the long exact sequence relating the cohomology of L®Ccris and L(8)Ciog with the coho- 
mology groups (X;^, L^Bj^^ j^) identified with ff ((Xo/Ccris)'„'g , Df4°(L)). The connecting ho- 

momorphismsff ((Xo/ariOiot'»fog(I^)) ^ +^^7?' ^^^'^cris) and ((Xo/aris)Lt ' »fog (I^)) ^ 
ff +1 (^7^, L ® Clog) are zero for every i due to (1). As ff ((Xo/aris)'„'g , Df4°(L))^'-''=° coincides 
with H* (X-^, L (g) B^.^ ^) by (1), the conclusion follows. 

(3) We prove that is strict on filtrations, i.e. that it induces an isomorphism on the various 
steps of the filtrations. We argue as in the proof of |AI2[ Prop. 3.25]. Since X is proper and 
algebrizable over Ok, by GAGA there exists a Ox^ie module Sqj^ with logarithmic and integrable 
connection V algebrizing the coherent Ox-niodule D(L) ^o^hs (see 12.28] for the definition of 
D(L)). Its base change £k '■= £ok ®Ok ^ algebrizes DfJg(L) ^o^^i^ K, viewed as a module with 
connection on the rigid analytic space X^, so that the filtration on DfJg(L)x^ := I^f^g{L)^c>^^.^K 
defines unique filtrations Fil*£^i^ on Sk and Fil'So^ '■= Fil*£^i^ ^^Ok ^Ok satisfying Griffiths' 
transversality. By GAGA and 12.271 we have isomorphisms 

and Hjjp (^Xk, {Bf^°(L)xj,,V„f-o^^^J^ = Hj^j^ (^X^^, ^o^So^^iog) , as filtered 5iog-modules. 
It then suffices to prove that the isomorphism of -Biog-modules 

9i- HdR(X^^,£:x) Biog — > }l]^^{X'^^,£oK^OKBiog) 

is strict with respect to the filtrations. As in the proof of jAI2l Prop. 3.25] one shows by a direct 
computation that this holds for i = 2d and S = Q'j^^^j^ where d = dimX^^ and flj^^^j^ are 

the usual Kahler differentials. In this case both groups are isomorphic to B\og{—d) where {—d) 
stands for the shift in the filtration by d. Let X^^'° C X^^ be the maximal open subset where 
the log structure is trivial. The morphism of filtered -Biog-modules 

HdR,! ^^A") ®K Biog > }l'^^i{Xp-'° , SoK^OKBlog) 

of compactly supported cohomology is compatible with the previous one and Poincare duality. 
By [SI Prop. 2.5.3] Poicare duality provides an isomorphism 

HdRW^^/0 ^Hom,, {Eli-;{X^^^'^,SK),K{-d)) 

of filtered /^-vector spaces, strict with respect to the filtrations. Then, 

H^R(X^^^^) ®^ 5iog RomK (H2^R7(X^S'°,£:K),5iog(-(i)) 

is a strict isomorphism of filtered i?iog- modules. Since it factors via Qi, also Qi must be strict 
with respect to the filtrations. 

(4) As 7l and are isomorphisms and is surjective by 12.27( 4). it follows that also Pi is 
surjective. 

□ 
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Consider the diagram obtained by tensoring L with the fundamental exact diagram ([T]) in 
§2. 3.91 Taking the long exact sequence in cohomology, we get a commutative diagram of Qp- 
modules endowed with continuous action of Gk, whose rows are exact: 

V ff(%,L) — > H'(X^,L®Fil°B^^g_^) ff(X^,L®Ccris) 

> ff (x^,L®b3;^^=i) ^ ff((Xo/ans)Lt'»fo'g(L)) ff(X^,L®Clog) 

(3) 

Here we have used the above ESD to identify (X^^, L ® B^^^^ ^) = ((Xo/aris)J<,'g , Df^'^glL)) , 
compatibly with monodromy operators, Frobenii and Gx-action. 
Recall that 

A(L) ®WW 5log = ff ((Xo/aris)Lt>»fog(L))^"'" 

compatible with monodromy operators, Frobenii and Gi^-actions. It is also compatible with fil- 
trations where the latter is endowed with the filtration induced from ff((Xo/(9cris)|^Qg , ^I^fog (I^))- 
Then, with the notation of I2.3[ we have: 

Proposition 2.37. (1) The isomorphism A(L) ®w{fc) ^log ^ ((Xo/Ccris)'^'^ , Dgg°(L))'^"'^''' is 
compatible with filtrations, monodromy operators, Frobenii and Gx-actions. 
(2) We have a homomorphism of Gk -'modules 

ff(X^,L®BV^^^) ^ ff(X^,L®i:g,K) 



Fil°H^ (X^, L ® nl^J Fil^H' (X^, L ® C^^k) 



(A(L) ®w(fc) Aog') ' 



where t is injective and p is an isomorphism. 

(3) The image of m: ff (^X^^, L ® B^;^^^^) — v ff ((Xo/Ccris)i„'g , ©fog (L)) is contained m 



Di{h) (g)w(fc) -Slog its image is 

V,l^ (A(L) ®w{fc) Aog') •= (^*(^) Aog)"^^"'"^' 

t/;/izc/i cozna^ies ff ((Xo/aris)Lt' »fog°(I^))'^^°'''^' = (%, L ® B^^.^^^)''=\ 

f^j r/ie Gx-submodule V\og [Di{h) (S)w(fc) Aog^) ^^f T>i{^) ®w(fc) Aog coincides with the image 
o/ff(X^,L); 

(^J.zj Viog [DiCV) ®w(fc) Aog^) ^■^ /J^^^^e dimensional as Qp-vector space and it is a semistable 
representation of Gk for every i; 

(5. a) the maps Hj(X-^, L Fil^B^.^^^) — )• W ^X;^, L ® are injective for every j ; 

(5. Hi) the morphism t in (2) is an isomorphism and we have a long exact sequence 

•••^ff(X5^,L) ^ff (x^,L®bJ^;5^) ^Vl^ (A(L) ®w(fe) A^g-) 

Proof. (1) follows from 12.36( 3). The existence of l follows from I2.21( i). The fact that p is 



an isomorphism follows from 12.36( 3) and I2.32[ As Bj^g = ®w(fc) -Biog and IB^.^^ ~ 
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AjI^^j^ ®w(fc) -Bcris by §2.3.71 and §2.3.31 and as -Bcris/Fil -Bcris — -Biog/Fil -Biog by 12. ![ we get an 
isomorphism B^^.^ j^/Fil°By^.^ = K/Fil°Cg,K. Using the inclusion 

^ , cns^c/ ff (X7^,L®B^. T^/Fil°B^. ^) ^ (X7^,L®Bi„^K/FilXlK), 

Fil°ff(X-^,L®B^ J ^ ^ ^^'^'^^ ^""'^^ ^ ^ 

which contains L ® Bi„g k) /Fil°H^ [X^, L ® Bj^g k) submodule, we deduce that l is 

injective. 

(3) Since Frobenius is the identity on H* (^Xj^, L (g) 18^:^^^ j , the first claim is clear. The 

composite of the map ti : H'(X;^, L ® B^^^ — > H*(X;^, L (g) Ciog) with the map Sj in 12.36( 2) is 
identified with the map 

- 1, iV) : (X^, L ® Bj^g^j^) ^ (X^, L ® B^^^^j^) © (X^, L ® B;^^^^^) . 

Due to 12.36( 2) the kernel of ti, which is the image of Ui, coincides with the kernel of Si o ti. By 
EJll) the kernel of Siot^ is ff (X;^,L®B;^ . This proves the second claim except for the 

last isomorphism in the display. To get this it suffices to remark that ff ((Xo/(9cris)|^Qg) I!'fog(IL'))'^ ^ C 

ff ((Xo/aris)Lt'»fog°(L))^"''"- The conclusion follows. 

(4) An element x in Kt (A(L) ®w(fc) Ao^) is in the image of ff (^X^^, L ® bJ^:^^^^) by 

(3). Thanks to the injectivity of t proven in (2) the element x is also the image of some 

y e W f X;^, L ® Fil°B^. ^) by (2). This implies that (y? - l){y) = using the long exact 

sequence in cohomology defined by tensoring the first diagram in §2.3.91 with L. We conclude 
that y is in the image of H*(X-^, L) as wanted. 
(5.i) This follows from (4) and 12.31 

(5.n) Let Q be the kernel of the map Hj(X;^,L ® Fil°B^.^j^) — > Dj(L) ®w(fc) ^log- Then, 
Q is a i?cris-iiiodule. Since -Bcris contains the maximal unramified extension of Qp, then Q 
can be considered as a vector space over Q™. A diagram chase in ([3]) and the last assertion in 
12.36( 2) imply that Q is in the image of H-'(Xj^, L) which is a finite dimensional Qp- vector space 
by 12.341 Hence Q must be trivial. 

(S.iii) Using the long exact sequence in cohomology associated to the exact sequence — > 
L O Fil°B^. ^ — ^ L B^. ^ — ^ L ® B^. ^/Fil°B^. ^ — ^ and (5.ii) we get that 

cris,K cris,K cris,K' cris,K ^ ' ° 

^^;^^ = ff(X^,L®B^. ^/Fil°B^. 

V ' cris,K/ 

This and the argument in (2) imply that l is an isomorphism. As 

L(g)B^. ^/Fil°B^. ^= (L(g)B^:'^=^)/L 

cris,K' cris,K V cris,K ' ' 

by §2.3.91 we deduce the second claim by considering the cohomology of the exact sequence 
^ L ^ L ® B^:^=^ ^ (L ® M^'.%^)/h ^ 0. 

cris,K \ cris,K / ' 

□ 
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Corollary 2.38. The filtered [if, N)-module Di{h) ®w(fc) B'^og is admissible and it is associated 
to the semistable representation (X;^, L) of Gk', 

Proof. Thanks to 12.31 (1) the filtered A^)-module -Dj(L) ®w(fc) B'^og admissible if and only 
if (2) the map 5{Di{h)) is surjective. Assume that (1) holds. The map 

hi-. H'(X^,L) V,t ®w(fc) Aog') 

is surjective by 12.37( 4). Its kernel coincides with 

(X^, L ® BV ^ _) ^ H'^ ( (Xo/ans) , Df- (L)) 



by 12.36( 1) using the long exact sequence in cohomology associated to the crystalline fundamen- 
tal diagram in §2.3.91 Note that (-Di(L) (8>w(fc) -Biog) °/ {<-p — 1) (-Dj(L) ®w(fc) -^log) ° is since 
Dj(L) ®w(A:) Bf^^ is admissible. By definition (-Dj(L) ®w(fe) -^log)^ ° contains the image of Frobe- 
niusonff ((Xo/aris)Lt'»fog°(L))'^=°- Hence, ^-1 on ((Xo/ans)L7, »f:g°(L))'^=7(A(L). 
-Siog)^ ° is the operator —1 which is an isomorphism. We conclude that the map — 1 is sur- 
jective on H*((Xo/Ccris)J^Qg , Dfog(L))^ °- Thus the map hi is an isomorphism. 

We are left to prove that one of these equivalent statements is true. Due to (2) it suffices to 
show that the map 5 (Dj(L)) is surjective. Let V := Vst [Di{h) ®w(fc) Aog^) P^^ ^' '■~ (^®Qp 

Bst)^'^ ■ Due to 12.31 the filtered (v?, X)-module D' is admissible and V = V^t (-D' ®w(fc) Aog^)- 
It then suffices to prove that D' = -Dj(L). We argue as in |CFt Prop. 5.6& Prop. 5.7]. Let 
D := Di{L,)/D'. Consider the commutative diagram 



; i 
II i i 

1 i 

V^°g (Z) ®w(fc) 5£) ^^g (/^ ®w(.) 5Sg") 

; i 

0, 

where the first line is exact since D' is admissible and the columns are exact by 12. 3[ Thus the 
map S{D) is injective and its cokernel coincide with the cokernel of 5 (Dj(L)). 

Let h be the dimension of D as ii^o-vector space. Fix a basis {di, . . . ,dh} adapted to the 
filtration and for every j = 1,...,/;, let ij be such that dj G FiV^ D\FiV'^~^^D. Fix r such 
that r > ij for every j. Let n be the dimension of the Qp- vector space H'"*"^ (X^^, L) . We 
consider the Galois twist of 5{D) by Qp{r). Due to [2311(3) & (5. ni) we have Coker (5(D)) (r) = 
Coker (5(Dj(L))) (r) C H'+^ (X;^, L) (r) so that its dimension is bounded by n. Let C i^' be 
a totally ramified extension of degree s > 0. Then, V|°g (D ®w(fc) -^lo^) (r) C [D Bst){r). 



53 



Since t is invertible in Bst we have Bst){r) = -B^t that its G/^z-invariants are Kq. 

On the other hand, V^l^ [D ^log ) (^) = ©j=i (^dn/S^Jt''"*^ ® rfj as Galois module, i.e., it 
is isomorphic to (Bj^iBdn/FiV^^^ B^r- In particular, its Gft-z-invariants coincide with ®^^iK'] 
see [CF , §1.5]. Hence, H° (Gj^/, Coker(5(Z))(r))) has dimension as ii'o-vector space at least 
(s — l)h. On the other hand, it is bounded by n. Since s can be chosen arbitrarily large, the 
only possibility is that = so that Z) = as wanted. 

□ 

Proof, (of theorem ESSD It follows from EJHI that H'(X;^,L) is a semistable representation of 
Gk with associated filtered (</9, iV)-module -Di(L). Since semistable representations of Gk form 
an abelian tensor category and D^t is exact and since H*((Xfc/W(fc)"'")™, _) is a 5-functor, the 
statement of 12.331 regarding the isomorphism as 5-functors is clear. The functoriality is also 
clear. Note that ((Xfc/W(A;)+)'^'^', DfJg(L)+) satisfies Kiinneth formula by JKl Thm. 6.12]. 
The category of semistable sheaves is closed under tensor products and Dfjg commutes with 
tensor products by 12.301 Thus the compatibility with Kiinneth formula holds as well. 

□ 

3 Relative Fontaine's theory 
3.1 Notations. First properties 

Let R be an Oj^-algebra. Assume that there exist a positive integer a, non-negative integers a 
and h and elements Xi, . . . , and Fi, . . . , G -R such that Xi - ■ ■ Xa = vr" and the properties 
numbered (1),(2),(3),(4) below hold. We start by defining the monoids Pa := N'^ and Pb := N^, 
put P := Pa X Pb and we let 

a b 

ijR-.P-^R, bedefinedby (ai, . . . , a„ . . . , /J^) J] Xf J] 

i=i j=i 

It induces a morphism of Oi^-algebras ipR-. Ok[P] — > R- We then get a commutative diagram 
of morphisms of O^^-algebras 

Ok[P] ^ R 
t t 
OkM ^ Ok, 

where the left vertical map is induced by the map N — )■ P = x P^, ri, i— )■ ((ra, . . . , tt,), (0, . . . , 0)) 
and ipa '■ C'/f [N] — )■ Ok is a morphism of C^^-algebras sending N 9 1 i— )■ tt". We assume that the 
following hold. 

(1) P is excellent; 

(2) the map "^r: Ca'[P](8)c'^-[n]C'a' — ^ R induced by i/jr has geometrically regular fibers; 
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(3) R is obtained from Ok[P]'^OkM^k as a succession of extensions R^^^ = O k[P]'S)okM^ k C 
■ ■ ■ C = R such that 

(ALG) is obtained from i?*^*^ by (loc) locahzing with respect to a multiphcative 

system or (et) by an etale extension. 

{FORM) each i?*^*"*"^^ is p-adically complete and separated and it is obtained from i?^*^ 
as (loc) the p-adic completion of the localization with respect to a multiplicative system, 
(et) the p-adic completion of an etale extension, (comp) the completion with respect to 
an ideal containing p. 

(4) For every subset J„ C {1, . . . , a} and every subset J;, C {1, . . . , &} the ideal of R generated 
by '^pR{N^^"■ x is a prime ideal of i?, the ideal of R generated by ipR{Pa) is not the unit 
ideal and the image of the monoid ■ ipR (Pb) is saturated in R ®Ok ^T<- 

In both cases we consider the log structure on Spec(-R) induced by the one on the spectrum 
of OK[P]®OKm^K considering the fibred product log structure. Here we take on Spec((9i^[P]) 
(resp. Spec((9x[N]) ) the log structure associated to the prelog structure P — )■ Oicf-P] (resp. N — t- 
Oi^[N]) and we take on Spec(Ci^) the log structure associated to the prelog structure N — )■ Ok 
sending 1 to tt. In particular the structure map of schemes Spec(i?) — )■ Spec(Oi^) extends to a 
morphism of log schemes. 

More explicitly let P' be the submonoid of x Pf, <z Q"" x Pf, given by 

P' := -N + P C -Pa X P,, 
a a 

where is diagonally embedded in ^Pa- 
Lemma 3.1. (a) The monoid P' is the amalgamated sum of monoids P (Bn ^ ^^^^^ the maps 
(i) N ^ P given by N 3 n [{n, . . . , n), (0, . . . , 0)) e Pa x = P; (ii) N N given by 
N 3 n an. 

(b) The monoid P' is fine and saturated. 

(c) The structural morphism of log schemes q: (^Spec[OK[P]®OKm^K) , P') — > {Spec{OK),^) 
is log smooth of relative dimension a + b — 1, in the sense of %3.3]. 

Proof, (a) By construction we have a surjective morphism of monoids / : N © P — ?■ P' given by 
the inclusion P C P' and the map N — )■ P' sending n to (^(ra, . . . , ra), (0, . . . , 0)) . The equalizer 
of / is N mapping to N © P via the maps given in (i) and (ii). By the universal properties of 
the amalgamated sum we thus get an isomorphism P ®n N = P'. 

(b) The group P '^^ generated by P' is the subgroup ^Z + P^p of ^P^ x P^ which is torsion 
free and abelian. In particular, P' is integral and it is clearly finitely generated. We prove now 
that P' is saturated. 

Every element a G P '^^ can be written as a = {h/a + hi, . . . ,h/a + ha, rrii, . . . , m^) for a 
unique positive integer < /i < a — 1 and unique integers hi, ... , ha, mi, . . . ,mi,. It lies in 
P' if an only if hi, . . . ,ha,mi, . . . ,mb G N. Let 7^ /3 G N be such that /3a G P'. Write 
(3h = ra + h' , the division by a with reminder Q < h' < a — 1. Then, [3a = [h' /a + (/3/ii + 
r), . . . ,h/a + {f3ha + r), f3mi, . . . , (3mb) so that f3hi + r, . . . , f3ha + r, (3mi, . . . , f3mb G N. This 
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implies that mi, . . . ,mi, are non- negative, and hence he in N, and that for every 1 < i < a we 
have r + > 0, i.e. aPhi > —ra = h' — (5h > —(5h. We conclude that ahi > —h > —a so that 
hi > —1, i.e. hi G N. This implies that a G P' to start with. 

(c) The map of monoids t: N — )■ P' sending n to {-^{n, . . . , n), (0, . . . , 0)) is injective. At the 
level of associated groups remains injective and the quotient is isomorphic to Z""*"''"^. Thus, 
q is log smooth of the claimed relative dimension by [K2^ Prop. 3.4]. 

□ 

For every n eN write P„ = P if n = and let P^ be 

Rn := P Ok^ [Xf , . . . , . . . , ---XF - vr^) 

for n > 1. Then, Spec(P„) has a log structure defined by the chart Ok [^-P]® r i 1 

^ \_n\ J 

Rn considering on Ok [^-P]® r i 1 the fibred product log structure, where: 

(i) we endow Spec(Oi^ [^N] ) and Spec(Oft- [^P]) with the log structures having — )• 

and respectively ^P — > Ok[:^P] as charts; 

(ii) the log structure on Ok^ is the one associated to the map N — )■ Ok^ defined by 1 i— vr^; 

(iii) the map Ok [^N] -> Ok [^P] is the map of Oi^-algebras defined by ^ ^{d, . . . ,d,0, . . . 

(iv) the map Ok [^N] — t- Ok^ is the map of C^-algebras defined by ^ i— j- vr^; 

(v) the map Ok [^P] Rn is the map of C^-algebras defined by 

i=i j=i 

Equivalently, proceeding as in the case n = 1 treated before, we have an isomorphism 

and the log structure on Spec(P„) is the one associated to the morphism of monoids ^P' — )■ Rn- 
We also define ^ i i i 

P" := R[Xf, . . . ,X,"]/(Xf . . -X,^ - vr) C P, 

with log structure on Spec(P°) associated the morphism of monoids (^Pa) y< Pb ^ R° sending 

— b V - 

^ . . . , Ua) X (t>i, . . . , f to Y[i=i -^i" Y[j=i ■ W^e consider it as a log scheme over Spec(Oi^) 
where the map on log structures is associated to the map of monoids N — )■ (^Pa) x Pb sending 
nGNto ^(n,...,n,0...,0). 

3.1.1 First properties of P„ 

The following hold: 

(1) Rn and P„ (resp. R° and R°) are fiat Cx; ^algebras (resp. C/^-algebras) ; 
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(2) the extension — )■ i?„ is 7r°-flat, i.e., the base change of an injective morphism of R- 
modules has kernel annihilated by vr". 

(3) Rn is a Cohen-Macaulay ring and, in particular, it is normal. It is regular if a = 1. 

(4) R° is a regular ring. Moreover, i? is a direct summand in R° as i?-module and 7r"i?° is 
contained in a finite and free i?-submodule of R°. We have R = R° ii and only if a = 1. 

(5) R is an integral domain. 

Proof. Since i?„ (resp. R°) is noetherian claims (l)-(2) for i?„ (resp. R°) follow from the claims 
(l)-(2) for Rn (resp. for R°). By construction _R„ is the tensor product of Ok[P'] — ^ -R, induced 
by TpR, and R!^ := O/^f^^P']. Thus it suffices to prove claim (2) for the tower defined by R'^ 
for n e N. Since the map ^ r is fiat by assumption, it suffices to prove claim (1) for R'^ and 
similarly we can replace R° with R °. 

(1) We prove it for R'.^ leaving the analogous proof for to the reader. Since the element 
■ ■ ■ ■ X^- - TT^ is irreducible in Or'^ [Xf ' , . . . , Xs' Y^"- ] , which is a UFD, it defines a 

prime ideal. Since the quotient is i?^, the latter is an integral domain and, hence, it is vr^-torsion 
free. The claim follows. 

1 j_ j_ J_ J_ 

(2) Let An C R'n be the i?'-subalgebra generated by tt^, X^- , . . ., X^' , and F^"' . Since 

J. J. 

Tfn! = X^- ■ ■ ■ Xa' in R'^, we compute that 

7r"Xf' = X^X^ ■ ■ ■ Xr "'vr^ G A^. 

Hence, vr^i?^ C A„ C -R^. Furthermore, A^+i is finite and free as A„-module for every n. Indeed, 
since both and A^ are fiat as Oj^^ -modules, it suffices to prove that the elements tt^X^K^ 

are linearly independent over y4„ [p"^] = _R^p~^] . Since K'^_^^ = K'^ [vrf^+i)'] is an extension 

of degree n + 1, we need only to show that the elements XpY^ := ni'=2^/"^^'' 11^=1 ^'"^^'^ ; 
with /?' = (/32, . . . , Pa) and < /3j < n + 1 for every 2 < i < a and with 7 = (71, ...,%) and 
< 7j < ?^ + 1 for every 1 < j < b, are linearly independent over Frac(i?^) ^k^^ ^'n+i ^^i^ 
is clear. 

(3) We prove that i?„ is Cohen-Macaulay for ri = 0. The general case follows in the same 
way after replacing K with K'^ and R with Assume we are in the algebraic case. Since the 
map Ok — )■ -R is the base-change of the map C/^-fN] — )■ Ok[P], which considered as a map of 
log schemes is log smooth, it defines itself a log smooth map. Since Ok with the log structure 
defined by vr is log regular, |K3t Thm. 8.2] implies that i?, with its log structure, is log regular. 
Then, |K3t Thm. 4.1] implies that R is Cohen-Macaulay and normal as claimed. 

In the formal case, due to |K3t Thm. 4.1] it suffices to prove that i?, with its log structure, 
is log regular. By construction R is obtained from := OK[P]®OKm^K by taking successive 
extensions i?^*^ C i?*-*"'"^-' each given by (et) the p-adic completion of an etale extension, (loc) the 
p-adic completion of a localization or (comp) the completion with respect to an ideal containing 
p. Since is log regular by the argument provided in the algebraic case, it suffices to prove 
that if is log regular, then P^*"*"^) is. We may assume that R = R^^~^^\ By [K3', Prop. 7.1] to 
prove the log regularity of R it suffices to show it at maximal ideals of R. Since R is p-adically 
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complete and separated, any such contains p. Due to |K3t Thm. 3.1(1)] the log regularity of 
i? at Q is expressed in terms of the completed local ring Rq of R at Q, with the induced log 
structure. Set Q*^*^ := QDR'^^K Then, R^'^^qii) C -Rq is a finite and etale extension in case (et) or 
it is an isomorphism in the other two cases. Since i?*^*-* is log regular by assumption, then \K3\ 
Thm. 3.1(1)] holds for R^^'^Qii) and hence it holds also for Rq as wanted. 

Assume next that a = 1. We may assume that n = 0. In case (ALG) the map is the 

composite of localization and etale morphisms. Thus to prove the regularity of Rn it suffices to 

show that R'^ is regular. Since R'^[p~^] is a smooth i^'^-algebra, it is regular. We are left to prove 

that the localizations of i?^ at prime ideals containing p are regular. In case (FORM) the map 

\E'ij is the composite of p-adically formally etale morphisms, p-adic completions of localizations 

and completions with respect to ideals containing p. Since it suffices to check regularity for the 

localization at maximal ideals and the maximal ideals of a p-adically complete ring contain p, 

it suffices to prove that the p-adic completion R'^ of R'^ (for R'^ as in (ALG)) is regular. 

^ j_ J. J. 

Let P be a prime ideal of R'^ or R'^ containing p. Then, it contains vr «! = Xi' ■ ■ ■ Xa' and, 
j_ j_ ^ 

hence, it contains X^"' for some i = 1, . . . ,a. Note that X"' is a regular element in R'^ and in R'^ 

i.e., it is not a zero divisor. Otherwise vr^ would be a zero divisor. But this is impossible due 

to (1). Since R'^/X"'R'^ = R'^/X-^ R'^ is a smooth A;-algebra, we deduce that Rn,v (resp. Rn,v) 
is regular as claimed. 

(4) The regularity of R° follows arguing as in the proof of (3). Clearly R = R° if and only 

if a = 1. One shows that in general 7i°'R° C ®R 11^=2 ^i" lij=i with /3 = (/^a, . . . , /?«) and 
< A < a for every 2 < i < a and with 7 = (71, ... , 7^) and < 7^ < a for every 1 < j < 6 
proceeding as in the proof of (2). The proof that i? is a direct summand in R° as i?- module is 
reduced to the case that R = R' = Ok[P'] and R" = R'" = [((l/a)Pa) x . This follows 
as R'° = R' ® D where D = YIix&q -^'-^ with Q the subset of {l/a)Pa of elements which are not 
diagonal (i.e., of the form («,...,«) e (l/Q;)Pa) and which do not lie in P^ C (l/a)Pa. 

(5) It follows from assumption (4) in 13. H taking Ja = Jb = 0, that R is an integral domain. 

□ 

Let VL be an algebraic closure of Frac(P). Fix compatible P-algebra morphisms P„ — )■ VL for 
n G N and write 

Poo C Vl 

for the union of their images. 

Lemma 3.2. (i) The R°-algebra R^o is flat as R°-module. 

(a) For every n the image of Rn — )■ Poo is a direct factor of Roo and it is a finite R-module. 

Proof, (ii) Since P„ is noetherian and normal, P„ is the product of finitely many normal integral 
domains and the image P" C of P„ in VL is then one of these factors. We conclude that lim P„ 

n 

is a product of integral normal domains and its image Poo = U„P^ in f2 is one of these factors, 
(i) We claim that A := limP„ is a flat P°-module. Thanks to (ii) this proves that Poo 

n 

is flat as P°- module. Proceeding as in 13.1.11 we reduce to the case that R = R! = Ok[P']- 
In this setting we prove that A is in fact free as P "-module with basis given by the elements 
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riiLi 11^=1 "with rational numbers < /3j < 1 and < 7j < 1 for z = l,...,a and 
i = 1, . . . ,b. Indeed, as vr"^ = ■ ■ ■ for every positive c G Q, then Ok'^ C A so that these 
elements are generators of A as i? "-module. They also form a basis over i?°[p-i]. As R" IS 
p-torsion free, they form a basis of A as i? "-module. □ 

3.1.2 The ring R 

Let S be the set of -R-subalgebras S of Q such that 

(1) R[Y,^\ C S®rR[Y,^\ Y,^\p-^] is etale; 

(2) 5* is finite as -R-module and 5* is a normal domain. 

Then iS is a directed set with respect to the inclusion. Define R to be the direct limit 

R := Iim5g5 5* and R to be the p-adic completion of R. Put Qr to be the Galois group of 

over . We endow the -R-algebra R with the log structure induced from the given 

one on R. 

Let Soo be the set of extensions -Roo C Sod C Q such that 6*00 is finite and etale over Roo [p^^] 
and such that Soo is normal. Every G S^o is contained in R. On the other hand it follows 
from Abyhankar's lemma |SGAIt Prop. XIII.5.2] that every normal extension R^o C T finite 
and etale over _Roo[^i''^^, • • • , Y^^,p~^] is in fact finite and etale over Roo[p^^]- Hence, 

limS* =: R= lim 6*00 

For every Soo G let 65-^ G 5'oo(8>/?oo5'oo [p^^] be the canonical idempotent splitting the multi- 
phcation map 5'oo®ij^5'oo [p^^] Soo[p^^]- We have: 

Proposition 3.3. For for every n eN, the element n^es^ is in the image of Soo®r^Soo- 

Proof. The claim follows from Faltings' Almost Purity Theorem |F3t Thm. 4]. See also |GRt 
§9], especially Theorem 9.6.34. 

□ 



It is in the proof of the proposition that assumptions (1) and (2) on the ring R made in §3.11 
are used and they might be relaxed using recent work of P. Scholze. Let m-^ be the ideal of R 
generated by vr^ for n G N. Then, 

Corollary 3.4. The extension Rod C R is almost fiat. In particular, the extension R° G R is 
m-^-flat. 

Proof. It follows from 13.31 and 13.21 

□ 

Proposition 3.5. The following hold: 

(1) the ring R is p-torsion free and reduced, the map R ^ R is injective and pR H R = pR; 

(2) the extension C is faithfully flat. 
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Proof. (1) The claim, except that R is reduced, is the analogue of |Bri[ Prop. 2.0.2] and the same 
proof applies. In our case the key ingredient is that R is the direct limit of finite and normal 

extensions of R. Let x G -R be such that = 0. Since R is p-torsion free if x 7^ we may 

assume that x is not divisible by any element of the maximal ideal of O^. Since R/pR = R/pR, 

we may write x = y + pz with x E R. Then, G pR and we deduce from the normality of R 
that yp^^ G R. This implies that divides y and hence x. This leads to a contradiction. 

(2) We start with the flatness. It follows from O and [Bri, Cor. 9.2.7], with A = R° and 
B = R, that the extension C is fiat (note that in loc. cit. one does not need A 

to be p-adically complete). Due to §3.1.11 we have that n^R" is contained in a finite and free 
i?-submodule of R°. Thus the map -R[p^^] — R°[p~^] is flat. 

To conclude the proof of the proposition we are left to show that the image of Spec (i? [p^^] ) 
Spec(-R[p~^]) contains the maximal ideals of Let P C -R be a prime ideal such that 

P-R^p"^] is maximal. Arguing as in |Brit Thm. 3.2.3] one concludes that the ideal "P-R^p"^] is 
not the whole ring i?[p~^]. In particular there exists a maximal ideal Q of i?[j9~^] such that 
V C Qn R[p~^~\ . Since V is maximal the last inclusion is an equality and V is the image of Q. 

□ 

Corollary 3.6. Frobenius is surjective on Soo/pSoo for every Soo G S^o and, in particular, on 
R/pR. Moreover, tipSoo is a finitely generated Roc-module. 

Proof. If -R is p-adically complete the proof is as in |Brit Prop. 2.0.1]. In the general case we 
proceed as follows. We claim that Frobenius ip on R'^/pR'^ is surjective. Recall that R/pR 
is obtained as a chain R'/pR' = R^^^pR^^^ C ■ ■ ■ C R^'^ypR^''^ = R/pR where R^'+^y pR^'+^^ 
is obtained from R^^^pR^^^ by taking a localization or an etale extension or the completion 
with respect to an ideal. One then proves by induction on i that in each case Frobenius on 
Riw) /pR(i+^) induces an isomorphism R^'+^^ /pR^'+^^ ®r(^)/pr(^) ^^'^ /P^^^^ — ^ /pR^'+^\ In 
particular Frobenius provides an isomorphism R/pR^'^,^^j^, R'/pR' — > R/pR. Since Roo/pRoo 
is a direct factor of R'^/pR'^ R by 13. 2^ Frobenius on Roo/pRoo induces an isomorphism 
Roo/pRoo^R' -R^/P-R'oo — ^ -Roo/P-Roo- In particular, since Frobenius ip on R'^/pR'^ is surjective 
then Frobenius is surjective also on R^o/pRoo- 

Let Roo ^ 5*00 be an extension in S^o- Write vrpe^^ as a finite sum of elements Yl^=i^i®yi 
with Xi and yi G S^o- Then, for every z G we have n^z = ^ Tr^^/^j^ (2Xi)?/i, i.e., 
ttpSoo is generated by . . . ,?/„ as -Roo-module proving the last statement. We also compute 
'^^(^Soo = {'^^(^SaoY = Y.i^^i'^y^i + with w G Soo^R^Soo- For every 2: G we have 
EiTr5^/i?^(2;xf)?/f = TTPZ + pw' with w' G S^o- Write Trs^/R^(zxf) = + p(3i with and 
A G -Roo- Then, ttpz = {^iCayiY + pw" for some w" G 5*00. Since 6*00 is normal and the p-th 

power of 7j = ail/i)/7rp^ lies in S^o, then 7^ lies in Soo and z = 7f + ^^w". This proves 
that Frobenius is surjective on Soo/ -rj^Soo and, hence, it is surjective on Soo- 

□ 



60 



3.1.3 The lift of the Frobenius tower R^o 

Put O := W(A;) [[Z]] . Let Mo be the log structure on Spec(O) associated to the prelog structure 
■0O : N (9 given by 1 Z. Let ■0O : W(/c)[N] O he the associated map of W(A;) -algebras. 
Note that Ok — Oj (P7r(Z)) so that Ok has a natural structure of C-algebra, compatible with 
log structures. Put _ 

:= 0\P\®on^ 

where the completion is taken with respect to the ideal (P^(Z)), the map (9[N] — ^ 0\P\ is the 
morphism of (9-algcbras defined by N 9 n i— )■ ((n, . . . , n), (0,...,0)) G P and the map (9[N] — )■ O 
is the morphism of O-algebras defined by N 9 n i— )■ All these maps are compatible with log 
structures taking on 0\P\ (resp. 0[N]) the prelog structures given by P (resp. N). We consider 
on the log structure induced by the fibred product log structure on 0\P\ (8)o[i^ O. It is 
associated to the prelog structure P' — )■ R^^^ where P' := P ©n N where N — )■ P is defined above 
and the map N ^ N is multiplication by a. Note that R^^^I{P^{Z)) = p(°) = Oif [PjOo^lNjOif 
compatibly with log structures so that we can view R^^^ as P*^°) -algebra. 

Lemma 3.7. There exists a unique chain of R^*^^ -algebras R^^^ C PW 

C . . . C R^"'\ complete and 

separated with respect to the ideal (P,r(-^)) in ccise (ALG) and with respect to the ideal {Pt,{Z)^p) 
for i > 1 in case (FORM), lifting the chain of R'-^^ -algebras P(°) C R^^^ C . . . C P = P^") modulo 

(PAZ)). 

Proof. We construct P^'^ proceeding by induction on i. Assume that P^'^ has been constructed. 
If P^*+^) is obtained from P^*) by (the p-adic completion of) an etale extension P^* ^ of PW then 

we put P'^*+^^ to be the (P7r(Z))-adic completion (resp. (p, P7r(2'))-adic completion) of the etale 
extension of P'-*-' lifting P*^*' C P*^* '. If P*^*+^) is obtained from P*^*^ by (the p-adic completion of) 
the localization of P*^*) with respect to a multiplicative set Ui, we let Ui be the set of elements 
of P'-*-' reducing to Ui and we let P*^*+^) be the (P^(Z))-adic completion (resp. (p, P^(Z))-adic 
completion) of P*^*-* [U~^~\ . If P^*"*"^-* is obtained from P*^') by completing with respect to an ideal 
li (containing p), we let li be the inverse image of li in P(^) and we let R^'+^^ be the /^adic 
completion of P^*). We leave to the reader to check the uniqueness. □ 

We put P := P^"^ and we let Xi,...,Xa and Yi,...,Yi, E P be the elements so that 
the induced prelog structure tp^: P' ^ R restricted to P C P' is the morphism of monoids 

(cKi, ^1, ^b) ^ IliLi ^i'' 11^=1 ■ Note that we have a commutative diagram of 

morphisms of O-algebras 

0[P'] % R 
t t 
0[N] ^ O. 

Let Ok {f ~ l} be the ring of vr-adically convergent power series in ^ — 1. Since the power 
series in Z with coefficients in Ok can be expressed as power series in Z — tt = 7r(^ — l), then 
Ok If - 1} is a Ok ®w(fc) C-algebra. 
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Lemma 3.8. There exists an isomorphism of Ok [[§ — 1^-algebras 



moiOK 



z 



R®Ok ( O 



'K 



z 



where ® stands for the — l)-adic completion. 

Proof. We construct compatible isomorphisms of Ok [[-f — l]] -algebras between R^'^^^qOk [[-f — l]] 
and R^^'^^OkOk [[f - l]] by induct ion on n. The inductive step follows from the construction 
of given in 13.71 We just prove the case n = 0. 

Recall that w-^^ is the (P^(Z))-adic completion (resp. (P^(Z),p)-adic completion in case 
(FORM)) of 

So := 0[P] O ^ . . . . . . ■ ■ -X, - Z"). 



Then, 5o ®o Ok [[f - l]] = Ok [[f - l]] [Xi, . . . , X„ n, . . . , Y,] / (Xi ■ ■ ■ X, - . Since Z 
with M = ^ a unit of Ok [[f ~ l]] ; we have 



So =^ Ok 



£-1 

vr 



[x;,...,x,,yi,...,n]/(x(---x„-7r") 



with X[ = M-"Xi. There is a map of Ox [[f - l]] -algebras to Ok [[f - l]] sending 

X[ to Xi, Xj to Xj for 2 = 2, . . . , a and Y^- to Yj for j = 1, . . . , 6. It is an isomorphism. This 
proves the case n = 0. □ 

For every n G N write i?„ for 

K := P[Xi^, . . . , X#, F,^, . . . , F,^, Z^^] /(Xi^ ■ ■ ■ X# - Z^). 

Let ^ 

i?° := R[X^, . . . ,x|]/(Xf • ■ -xl - Z) 

and define morphism of monoids ipRo '■ {^Pa) ^ Ph ^ R° sending ^ {ui, . . . , Ua) x (t>i, . . . , t>j,) to 

HiLi -^i" 11^=1 ■ As in §3.1.11 and in 13.21 one proves that 

Lemma 3.9. The following hold: 

(1) the rings Rn and R° are noetherian and flat O-algebras; 

(2) Rn is Z'^-flat as R-module and the direct limit lim Rn is a flat R°-module with basis provided 

ra— >oo 

by the elements 

a b 

XuY.=\[x^\[y;^ 

i=i j=i 

with u = {ui, . . . ,Ua) and < Ui < 1 rational number for every 1 < i < a and with v = 
(f 1, . . . , Vb) and < f j < 1 rational number for every 1 < j < b. 

(3) Rn are Cohen- Macaulay rings and they are regular if a = 1. In particular, they are normal. 

(4) R° is a regular ring. Moreover, R is a direct summand in R° as R-module and Z'^R" is 
contained in a finite and free R-submodule of R° . Furthermore, R = R° if and only if a = 1. 

(5) R is an integral domain. 
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3.1.4 The map 6. 

For any normal subring S G R we put 

:= lim S/pS C E+ := lim R/pR 

where the projective hmits are taken with respect to Frobenius x ^ x^. The fact that the 
natural map — )■ E"*" is injective follows from the assumption that S is normal. We write the 
elements of E"*" as sequences (xq, xi, . . .). 

The rings E^ and E"*" are rings of characteristic p. In fact, they are fc-algebras via the map 
9 X (-)■ (x, X"*^/^, x^/^^, . . .). For any (xo,xi, . . .) G E+ there is a unique sequence of elements 

(^x^'^\x^^\ . . .) of elements in R such that (x*^""''^'')^ = x*-"-* and x*^"'-' = x„ modulo p for every 
n G N; see §11.1.2.2]. In fact due to 13.61 if G Soo then we have an isomorphism of 
multiplicative monoids 



Et ^ 



(x(°),xW, . . .) G S^'^Kx^^+i))" = x("), Vn G n} . 



In particular, if R^ C 6*00 is Galois with group H after inverting p the trace map "^^^jj cr 
induces maps 

Tr.^/«o. : Et E+^, Tr,^/H. : W(E+^) W(E+J. (4) 
Let G be the map from the Witt vectors of E"*" to R 



6: W(E+) -^R, (ao,ai,a2,...)H^^p"4" 



) 

n=0 



The elements e := (1, e^, 6^2, . . .), p ■= {p,p^/P, . . .), W := (vr, tt^/^, . . .), Xi := {Xi, X}^^ , . . .) for 
i = 1, . . . ,a and Yj := [Yj, Y^^^, . . .) for j = 1, . . . , 6 all define elements of E^^. The images of 
their Teichmiiller lifts via is 

e([e]) = i, e{[p])=p, e([7f])=7r, e([x.])=x„ e([F,])=F,. 

We endow W(E+) with the log structure defined by the prelog structure 

^^^^^ : P' = P ©I, N^W(E+) 

sending P 3 (ai, . . . , . . . , /3b) to IliLi [^*] 11^=1 [^i] ^^'^ n G N to [vf] Recall that 

the i?-algebra R is endowed with the log structure induced from the given one on R. Since 
6([Xi]) = Xi and 6([Fj]) = K,-, we conclude that 6 respects the given log structures. Write 

q' := 1 + [e]-^ + ■ ■ ■ + [e]"-^ , ^ := [p] - p. 
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Lemma 3.10. (1) The morphism Q is a surjective homomorphism of W{k) -algebras. The kernel 
is generated by 

Ker{e)={P^{[w])) = {q') = {^). 

(2) The kernel of the morphism of Ox-algebras 10 Q: Ok ®w(fc) W(E+) — )■ R is generated 
byi^ := 1® [vf] -TT® 1. 

(3) The same holds for the induced map Qs^ '■ W(E^^) — > Soo for every Soo G Soo- 

Proof. (1) The proof that is a homomorphism of W(/c) -algebras proceeds as in [Bril Prop 
5.1.1-5.1.2]. Since W(E"'") is ]9-adically complete, to prove that is surjective it suffices to show- 
that it is surjective modulo p and this follows from 13.61 Note that q', ^ and P^([7f]) lie in 
Ker(0). Moreover q' and ^ generate the same ideal in Fontaine's ring Ainf = W(E+_) which 

is contained in W(E+). Since W(E+) is p-adically complete and separated and R is p-torsion 
free, to prove the claims regarding the kernel it suffices to show that for any x G Ker(0) there 
exists z such that x = (resp. x = P.„(^\w\)z) modulo p. If e is the degree of P-k{Z) then 
P^([7f]) = \t^Y 1 i^odulo p, which is p up to a unit. Thus, it suffices to show the claim regarding 
^ and this follows as in |Bri[ Prop 5.1.2]. 

(2) It follows from (1) that Ok ®w(fc) W(E+) /(^ = Ok ®w(fc) ^- Thus the kernel of 1 O is 
generated by and ^ and we are left to show that ,^ is a multiple of ^t,. Note that p = un'^ for 
some unit u G Ok and \p\ = [u] [vf] for some unit u G E^ ^ . Since 0([m]) = m we conclude that 

[u]-u G (^^,0- Hence, ^ = [u]{[wY -tt^) + {[uj-ujir^ so that ^ G (^^, tt^^) i. e., ^(l + 7r^a) = b^^ 
for some a and b in Ok ®w(fc) W(E+). Since the latter is vr'^-adically complete and separated, 
then 1 + TT^a is a unit and the claim follows. 

The proof of (3) is analogous to the proofs of (1) and (2) and is left to the reader. 

□ 



3.1.5 The ring A± . 

Recall that O := W(A;) [[Z]] . Consider on W(E+) the structure of C-algebra given hy Z ^ [vf] 
where the latter is the Teichmiiller lift of the element (tt, tt? , ■ ■ ■ ). Using the prelog structure 
^w(e+) ^'^'^ ^^'^^ i^sX [Xi] ■ ■ ■ [Xq] = [vf]", we deduce that W(E~'") is endowed with the 

structure of P'^^^-algebra via the map of (9-algebras 

^(0) _^ w(E+) 

sending Xj to [Xj] for 1 < z < a and Yj to \Y j\ for 1 < j < b. In particular the log structure 
on W(E+) is the one induced by the log structure on 

Convention: In what follows given an element a G E"*" and n G N for typographical reasons 

where [a] is the Teichmiiller lift of a. 



we write \a\ « to denote 



Lemma 3.11. (1) The elements ([vr],^) form a regular sequence m W(E+). Moreover ^ is also 
a regular element. 
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(2) There exists a unique morphism R — > W(E+) of R^^^ -algebras such that the reduction 
modulo P^{Z) induces the inclusion R/{P^{Z)) ^ Rc% = W(E+)/(P^([7f])) (usmg \3l\ and 

For every n G N there exists a unique morphism of R-algebras Rn — W(E+) (resp. R° — > 
W(E+) ; sending to [Xi] ^ for i = 1, . . . ,a and Y/^' to [Yj] ^ for j = l,...,b 

and Z to [vfj (resp. to [Xi\ " fori = I,..., a). 

(3) The (Z,p)-adic completion R'^ (resp. R°' ) of the image of Rn (resp. R°) in W(E"'") is a 
direct factor of the {Z,p)-adic completion Rn (resp. R ) of Rn (resp. of R°). It coincides with 
the {Z,p)-adic completion R of R for n = 0. 

(4) The {Z,p)-adic completion of Roo '■= limi?^ maps isomorphically onto W(E^^). 

(5) The subring R C W(E^ ) is stable under Frobenius and the induced morphism Lp extends 
uniquely to a morphism, denoted ip, on Rn and on R sending X/"'*'^'' to [X,] '"+^'' fori = 1, . . . , a 
and to \Yj] ™^ for j = l,...,b and ZT^ to [vf] It has the property that the 
maps Rn — )■ W(E^^) and R — )■ W(E^^) commute with the morphism (p. 

Proof. (1) Note that E^^ is identified as a multiplicative monoid with a submonoid of R . 
Since R is reduced by 13.51 and multiplication by p on W(E^^) is the composite of Frobenius 
and Vershiebung, we deduce that p is a regular element of W(Ejj^). Since R is vr-torsion free 
for every n, then E^ is vf-torsion free. This proves the first part of the claim. 

For the second part one proceeds as in |Bril Prop. 5.1.5]. Assume that x := {xo,xi, . . .) G 
W(E+) is such that x and x^ = 0. Let n be the minimal integer such that Xn 7^ 0. Dividing 
X by we may assume that n = 0. In particular, 7^ xq G E+ and pxo = 0. Since E+ is the 

inverse limit lim R with the natural multiplication and since R is p-torsion free, we deduce that 
Xo = (absurd). 

(2)- (3) We prove the claims for the statements for R° are proven in the same way. It 
follows from (1) that W (E+J / {[w] , p) ^ E+^/(vf) = Roo/t^Roc- By construction Rn/{Z,p) = 
Rn/pRn- The image R'^ of Rn — -Roo is a direct factor of i?„ as Rn is normal and noetherian. 

This defines a direct factor of Rn/{Z,p) and, hence, a direct factor R'^ of Rn- 

First of all we construct injective morphisms of R -algebras R — > W(E^^j by induction 

on i. Assume that we have constructed a morphism R — > W(E^^) of i?*-°''-algebras inducing 
the natural inclusion R^'^^ {Z,p)R^^^ C W(E^^)/( [tt] ,p) and with the property required in 
(2). Then, R^^^ C -R*-*"*"^-* is obtained as (the (p, P7r(Z))-completion of) an etale extension, a 
localization or the completion with respect to an ideal containing (p, ^^(-2^))- In each case, 
one proves by induction on m that the map R^'^'^^^ {Z , p) R^^~^^^ C W(E^^)/( [vf] ,p) extends 
uniquely to a morphism of i?*^*''-algebras 

Ri^-v{M,pr-^nKj/{[-ipr- 
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Passing to the limit over m e N we get the morphism R — )■ W(EJ^). Reducing modulo 
Pt,{Z) and using uniqueness one proves that such map has the property required in (2). 

The existence and uniqueness of the morphism — )■ W(E+) for G N as required in 
(2) is clear. Note that {p,Z) are regular elements in i?„ and in W(Ejj^) by (1). Moreover, 
Rn/{p,Z) — > W(E^^)/( [vf] ,p) = Roo/ttRoo factors via the direct factor Z) which injects 

in Roo/t^Roo- Thus, the map Rn — > W(E+) factors via R',^ — )■ W(E+) and the latter is 
inject ive. 

(4) Since W (E^^ ) / ( [tT] , coincides with U„-R^/(p, Z), the statement follows. 

(5) The proof proceeds as in (2). First of all one proves by induction on i that the (p, Z)-adic 
completion of the image of i?^*-* — ?■ W(E^^) is stable under tp. This is clear for z = 0. For 

the inductive step one recalls that the (p, Z)-adic completion of i?^*^ C i?*^*"*"^^ is obtained as the 
(p, P^(Z'))-completion of an etale extension, a localization or the completion with respect to an 
ideal containing (p, P^^^Z)) . In each case one checks that this is preserved by ip. One verifies that 

the extension of to /2„, given in (5), is well defined and that the morphism Rn — ?■ W(E^^) 
commutes with on the two sides. The details are left to the reader. □ 

Definition 3.12. We write A~ (resp. Ai ) for the (p, [7f])-adic completion of the image of Rn 

(resp. R") in W(E+). 

We write X for the ideal of W(E+) generated by [e]^ — 1 for n G N and by the Teichmiiller 
lifts [x] for X G E"*" such that G m;^. Following Fontaine (cf. |Brit Def 9.2.1]), we say that 
the extension A± — ^ WfE+) is X'^-flat for m G N if, given an injective map of A~ -modules 

M — ^ the induced map M W(E+) — > N W(E+) has kernel annihilated by X™. 

-Rn ^n 

Proposition 3.13. The extension A~^ — t- W(E+) is X^-flat. Moreover, A~^ is finite and 
\'W]'^-flat as A^-module and A~ is a direct summand in At as A^-module. 

L J ■' i? _R R° R 

Proof. Thanks to [SJ] and [MU the extension A±^ R^ is flat. As W(E+^) is the (p, [vf])- 

completion of R^o and (p, [vf]) is a regular sequence in R^o by loc. cit., the extension A~^/ (p") — )• 

W(E+^)/(p") is fiat by [Enl Thm. 9.2.6] for every n G N. Taking the limit over n G N and 

arguing as in the proof of |Bril Prop. 9.2.5 & Thm. 9.2.6], we conclude that A~^ — t- W(E^^) is 
fiat. 

For Rao C 5*00 (c Vt) normal and finite and etale after inverting p the extension W(E^^) C 
W(E^^) is almost etale by 13.31 and, hence, X-fiat. As W(E+) is the (p, [vf]) -completion of the 
union of all the rings W(E^^) and (p, [vf]) is a regular sequence, arguing as above and using 
[Bril Prop. 9.2.5 & Thm. 9.2.6], we conclude that A±^ W(E+) is X^-flat. 

The other statements follow from 13.91 and 13.111 

□ 

Extending O-linearly (resp. i?-linearly, resp. i?-linearly) the morphism B we get a homo- 
morphisms of O-algebras (resp. i?-algebras, resp. i?-algebras) 

Giog: W(E+)®w(fc)0 % QR,iog: W(E+)®w(fc)i? ^ % Qr^i,^: W(E+)®w(fc)^ 
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We consider on W(E+)(g)w(A:)C' (resp. W(E+)(g)w(fc)-R, resp. W(E+)®w(fc)-R) the log structure 
defined as the product of the log structures on W(E+) and on O (resp. on R, resp. on R). Tlien, 
©log, 0R,iog and 6^ respect the log structures. 

3.2 The rings BdR 

Define Aini{R/0) (resp. Aini{R/R), resp. Aini{R/R)) as the completion of W(E+) 'S)w(k) O 
with respect to the ideal 9i~g(pi?) (resp. of W(E+) (8)w(fc) R with respect to the ideal ©ij^iog (P-R) > 
resp. of W(E"'") ®w(k) R with respect to the ideal {pR)) with the induced log structures. 

Denote by 

Biog : Ainf [R/O) ^ % 0R,iog : Ai,f [R/R) ^ ^, Q^ ,^^ : Ai„f (i?/^) ^ % 

the maps induced by Giog (resp. On.iog, resp. ©^log)- 

Define Bjj^"^^(i?) (resp. Bjj^^„(i?), resp. B^j^ ,^(i?), resp. B^j^ ,^(i?)) to be the algebra under- 
lying the n-th log infinitesimal neighborhood of the closed immersion of log schemes defined 
by Q(m{k)[p-^] (resp. eiog®W(A;) [p-^] , resp. eR,iog®W(fc) [p-^] , resp. Q a^i^^®^ {,k)[p-^]) in 
the sense of [K2l Rmk. 5.8]. Put 

B,V(i?) := hm B,^;(i?), {R) := lim B,^+ (^) 

and similarly 

Kk{R) ■■= irnB,\„(i?), B+,(^) := hm B+^,„(^). 

Note that Ker(9) contains the element [e] — 1 with E+ 3 e := (1, ep, ep2, . . .). In particular, 
bJj^"^, and hence B^j^(_R), contains Fontaine's element t := log[e]. Put 

BJh(^) := B,Y(^) [t-'l BJ^{R) ■■= BaV(^) ^ 

B,n{R) ■■= B+,(i?) [t-^], BdR(^) := B+,(^) [r . 

Filtrations: We endow Bjj^'^(_R) (resp. Bjj^(i?), resp. Bjj^'^(i?), resp. Bjp^(i?)) with the 
Ker(9)-adic (resp. Ker(9R,iog)-adic, resp. Ker(6iog)-adic, resp. Ker(9^ [Qg)-adic) filtration. 

Galois action: Note that Qji acts continuously on the rings above, preserving the filtration. 

We extend the filtrations as follows. Let B^j^ be Bjj^'^(i?) (resp. Bjp^(/2), resp. Bjj^'^(i?), 
resp. B+^(i?)) with the given filtration FiFB^j^. Set B^r := B^p^[t ^] and 

oo 

Fil°BdR := ^""Fil"B^R, FifBdR := TFil^BdR Vr G Z. 

n=0 



67 



3.2.1 Explicit descriptions 

Following [K2l Pf Prop. 4.10(1)] let T := {{a,b) E Z x Z\a + b E N} and let Q be the 
inverse image of P' in P''gP X P''SP via the sum 

P'.gp X P''gp ^ P'.gp. Put (Ainf(P/C)) : = 
Ainf(P/C')8)z[NxN]^[^] ■ The map 0iog extends to a map 

Similarly, put (Ajnf (P/P))^°^ := Ai^{(^R/Rj^ziP'xP']Z[Q] and extend ©^log to 

Then, Sjjf (P) is the Ker(e;„g)-adic completion of (Aj^f (P/C))^°^ [p"^] and B+^(P) is the 
Ker(6'~ )-adic completion of (Ajnf (P/P))'°^ [p^^] . One proceeds similarly for Bjj^(P). 
We make these definitions more explicit. Consider the elements 

u := Vi ■= := ^ 

Xi Yj 

for i = 1, . . . , a and j = 1, . . . ,b. Then, (Ainf (P/C))^°^ is generated by u and as Ainf (P/ C)- 
algebra, i.e., 

(Ai,f(P/0))^°^ = Ai,f(P/0)[«,«-^] 

and Ker(9{Qg) = {u — 1). Similarly, (A^nf (P/P))^°^ is generated as Ainf(P/P) -algebra by u, the 
elements Vi for i = 1, . . . , a, and Wj for j = 1, . . . , 6 and by their multiplicative inverses 

(A..,(P/P))^°^ - A,.,(P/P) [u^\ vt\ . . . , vt\ wt\ . . . , wf] . 



For later purposes we generalize these constructions. Set 

(W(E+)®w{fc)(^)'°^ := W(E+)®w(fc)C?®z[NxN]Z[T]. 
The map Giog extends to a map 

e;,g: (w(E+)®w(fc)(^)'°'^^. 

As above W(E+)®w(fc)C®z[NxN]Z[T] = W(E+)®w(fc)C[M, m"^] and Ker(e;„g) = {u - 1). Simi- 
larly, set (W(E+)®w(fc)-R)^°^ := W(E+)®w(fc)-R®z[P'xP']Z[<5] and extend G^^j^^ to 

©kiog^ (W(E+)®ww^)^°'^i 
Then, W(E+)®w(fc)^®z[P'xP']Z[g] ^ W(E+)®w(fc)^h±i, vt\ wt\ wf] . 
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Lemma 3.14. (1) The sequence — 1) (resp. (P^r ([tt]) , m — 1)) is regular and it generates 
the kernel of Ker{e[^^) m (W(E+)(g)w(fc)C)^°^ 

(2) The sequence [C,,u — 1,V2 — I, ... ,Va — I, wi — 1, ... ,Wb — l) is regular and it generates 
the kernel of Ker{e'~^^J m (W(E+)®w(fc)^)^°^- 

Proof. It follows from 13. 10) that P7r([7f]) and ^ generate the same ideal. 

(1) Due to[3H]the element ^ is not a zero divisor in W(E+)®w(fc)C. Since W(E+)®w(fe)C/(0 = 
R^w{k)C> and 1 ® Z is not a zero divisor in it, we deduce that ^ is not a zero divisor in 
W(E+)®w(fe)Oh-'] = W(E+)®w(fc)0[T]/([jT - Z). 

Note that W(E-^)^w{k)0[u,u-^]/{^) = R(^^^k)0[u,u~'^] with (1 (g) Z)u = vr (g) 1. Modulo 
[u — 1) this coincides with R. Moreover, such ring injects in [u, which injects in 
R\p~^]{{Z)) . It then suffices to show that {u — 1) is not a zero divisor in the latter or equivalently 
that Z{u — 1) = TT — Z is not a zero divisor. This is clear since vr is a unit in R[p~^]. 

(2) Since P^*+^^ is obtained from i?*^*^ by completing with respect to some ideal, localizing or 
taking etale extensions, it is a flat i?^*^-module. Thus, the regularity of the sequence, given in (2), 
in the ring W(E+)®w(fc)-R^'^ [u^\ Vi\ • • • , vt\ w^^] holds if it holds for i = 0. Since 
P(°) is flat as an algebra over R' := O [Xi, . . . , Xa, Yi, . . . , Yf,] / {Xi ■ ■ ■ Xa — Z") it suffices to prove 
the regularity for R' instead of R. Note that W(E+)(g)w(fc)-R'[M=^\'yi''\ • • • ^'^JS'^^i^S • • ■^''^t^] is 
isomorphic to W(^'E'^)^^(k)0[u^^^vf^, . . . , v^^^ uif^, . . . , w^^~\ / {vi ■ ■ ■ Va — u") which is 

since Vi = u"'v2^ ■ ■■v~^. Thus, if ^ and m — 1 is a regular sequence of W(E+)(8)w(fc)C^[^^^^] 
generating Ker(6{og) then also (2) holds for R' in place of R. In particular, the regularity 
claimed in (2) follows and we are left to prove that the sequence given in (2) generates the ideal 

Due to (1) the ring W(E+)(g)w(fc)-R[M^\ ^^I'S • • • , ^t'l'S • • • , "W^b^^] modulo coin- 
cides with R®OkR\_^2'^ 1 ■ ■ ■ 1 "^a^i "^1^^) • • • ) ^6^^] • Consider the quotient B modulo the ideal J := 

(f2 — 1, . . . , f a — 1, ifi — 1, • • • , — l) . To show that B = R,hy base changing via R — )■ R, it is 
sufficient to prove that P^o^-Rfw^^, . . . , v^^, w^^, . . . , w^^~\ / J coincides with R; here and below 
we still denote by J the ideal generated by (f2— 1, • • • , Va—l, wi—1, . . . , Wb—l) . This follows show- 
ing by induction on i that R^^®OkR^'^ ["2^^ • • • , • • • , w^^] /J - R^^ ■ The inductive step 
is left to the reader using the fact that R^^^^^ (resp. R^^~^^^) is obtained from i?*^*-' (resp. i?*^*-*) by 
completing with respect to some ideal, localizing or taking etale extensions. The essential case is 
i = and in this case we may replace with R' = Ok [-^1, • • • , Xa^ Yi, . . . , Vfe] / {Xi ■ ■ ■ X^— vr"'). 
Then, R'®o^R'[vt\...,vi\wt\...,w^']/J = R'[vt\ . . . ^vt\wt\ . . . ,w^']/ J = R' and 
the claim follows. 

□ 

Proposition 3.15. The following properties hold 
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(1) BZi,^{R)^Bl^^{R)[u-ll 

(2) B+^{R) = Bjj^+(i?) [[v, -l,...,va-l,w,-l,...,w,-l]]; 

(3) B+j,(i?) = bZ^{R) [[v2 - 1, . . . - 1, w;i - 1, . . . , ^6 - 1]] ; 

(4) Bl^{R) = B+,(i?)In - 11 - Bi^{R)lZ - vr]; 

(5) the filtration on bJ^ (^R) is the t-adic filtration. In particular, Gt'BJ^ (^R^ = R\p^^][t] 
with grading given by the degree in t; 

(6) the filtration on B^j^(/2) is the (t, — 1, . . . , — 1, Wi — 1, . . . , w;, — l)-adic filtration. 

In particular, Gr*B^j^(i?) = -Rlp""*^] [t, f i — 1, . . . , fa — 1, Wi — 1, • • • , Wf, — 1] with grading 
given by the degree as polynomials m t, fi — 1, . . . , fa — 1, t^i — 1, . . . , w;, — 1. Therefore, 

Gr'BdR(^) = %p-^] 

with grading given by the degree in t. Similarly, 

Gr'B^^{R) =%p~^] 

with grading given by the degree in t; 

(7) the filtration on B^r (R) is exhaustive and separated and FiFBdR (R) HB^j^ (i?) = FifB (i?) 
for every r G N. 

Proof. The proofs of (1), (2) and (3) are similar and follow closely the proof of |Bril Prop. 5.2.2]. 
We only sketch the proof of (1) and (2) and we refer to loc. cit. for the details. We certainly have 
morphisms l -BJ^ (R) {u - 1] ^ B'^^ (R) and / : bJj^+ (R) [[vi - I, . . . ,Va - l,Wi - I, . . . ,Wb - 
l]] — > Bjj^(i?). Notice that Bjj^"*'(i?) |n — 1] has the structure of an O-algebra as we can send 
Z to [7f]f Similarly, Bjj^'^(i?) [[t>i — 1, . . . ,Va — l,wi — 1, . . . ,Wb — l]\ has the structure of 
i^'^^^-algebra. Indeed, it is a O-algebra since W = [vf]" ■ v^^ ■ ■ ■ lies in this ring. Since the 
equation X" = W has the solution 1 modulo {t,u — l,Vi — 1, ... ,Va — I, Wi — 1, ... ,Wh — I), hj 
Hensel's lemma it admits a solution Z'. Then, the structure of (9-algebra is defined by sending 
Z to Z'. The structure of -algebra is given by the structure of C-algebra and by sending 
Xi to [Xj]f ~^ for 2 = 1, . . . , a and Yj to for j = 1, . . . , 6. Arguing as in 13.71 one 

proves that there is a unique extension to an i?-algebra structure compatible via the morphism 

O with the i?-structure on R[p^^]. This provides morphisms Bjj^'^(i?) — )■ B Jj^"^ (i?) — 1] and 

B^j^(/2) — > bJ^ (_R) [[f 1 — 1, . . . ,Va — l,Wi — 1, . . . ,Wb — l]\ which are proven to be inverse to 
L and / respectively, see loc. cit. 

For (4) we notice that u°' = Y['i=i'^i- Since the fj's are unit in B^j^(i?), the first formula 
follows from (2) and (3). The second formula follows remarking that u = Mr = ■ ^ so that 




tA- 



Vi-1 



fa - 1 f^l - 1 



t 



tA 



-I V2-1 



fa - 1 Wi-l 



t 
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The claim follows since |^ ~ 1 lies in Fil^B^j^((9i^) . 

For (5) one needs to prove that t is not a zero divisor in bJ^{R). Note that tBj^{R) = 
^bJ^(^R), as this holds already for R = Zp due to jFot §11.1.5.4]. One is then left to prove that 

^ is not a zero divisor in Bjj^'^(i?). Arguing as in [Brit Prop. 5.1.4] one reduces to prove that R 
has no non-trivial p-torsion. This has been proven in 13.51 

(6) follows from (5), (2) and (3). 

(7) follows arguing as in |Bri[ Prop. 5.2.8 & Cor. 5.2.9]. □ 
3.2.2 Connections. 

Put ^^/o^ := '^/j/c)x/^"'^^?/Cif where denotes the module of logarithmic Kahler differ- 
entials. Then, ui^/ci^ = ©^=2-RdlogXi ©^^^ i^dlogY^-. Similarly, let 

We have '^-/^(^^ = -RdlogZ ©^^2 -RdlogXj ©^^^^ ^dlogFj, where R is the (p, P^(Z))-adic comple- 
tion of R, as dlogXi = ctdlogZ + ^"^gdlogXj. We also have tD^/wCfc) ~ C'dlogZ. We have an 
exact sequence 

> R^o^h/w(k) > ^|/w(fc) ^ ^ho ^ ^• 
Using [3TT5] define the connections 

VR:Bi^{R)-^Bi^{R) 0uu)],/a,, 



and ^ ^ 

to be the Bjj^'^(i?) -linear (resp. bJ^^ -linear) map given by sending (fj — 1) to — fjdlogXj for 
i = 1, . . . ,a and {wj — 1) to — WjdlogY^- for j = 1, . . . , b. These connections extend to the rings 
Bdn{R) and BdR(^). 

Lemma 3.16. We have: 

(1) The above connections commute with the action o/Qr, are integrable and satisfy Griffiths' 
transversality with respect to the filtrations; 



(2) BJ^{R) = B^^{rY^-' - BdR(i?) 



J?/W{ft) 



(3) Bj^{R)=B^^{Ry-'o- 
The same statements apply for the rings with +. 
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Proof. By definition the connections are integrable and satisfy Griffitlis' transversality. To prove 
tfiat tfiey commute witli Galois it suffices to prove that the induced derivation equal to Xi-^ 

aXi 

for i = 1, . . . , a and Ni equal to V^-a for i = a + 1, . . . , a + 6 commute with Qr. Let Xi = Vi 
if 1 < i < a and Wj if i = j + a for some 1 < j < Since Ni acts trivially on Vj — 1 
for j ^ i and on wj — 1 for j + a ^ i it suffices to prove that for every g & Qr have 
g[^Ni{Xi — !)"■) = Ni{g{Xi) — l)". Since iVj satisfies Leibniz' rule it suffices to consider the case 
n = 1. Then g{Xi) = [sY^^'^^Xi for suitable Cj(7) G Z* and, as N{Xi) = —X^, the formula is 
readily verified. 

(2) and (3) are a formal consequence of 13.151 

□ 

3.2.3 Flatness and Galois invariants. 

Let -R[p~^] be the P^(Z)-adic completion of 

Lemma 3.17. We have isomorphisms 0[p^^] = K\Z — tt] and R[p^^\ = R[p^'^] \[^ — l]] as 
0[p^^]- algebras. 

Proof. Note that the P^(Z)-adic completion of (^[p^^] is a complete dvr with residue 

field K. In particular, it is a i^-algebra by Hensel's lemma and, hence, is isomorphic to 

— tt]. Thus, R[p~^] is a i^lZ — vrj-algebra. Since it is Z — vr-adically complete and separated 
and / (Z — n) = R[p~^], the proof of the second isomorphism is a variant of the proof of 

13.81 and is left to the reader. □ 

Recall that Qr is the Galois group of over Then, 

Proposition 3.18. The extensions R[p^^~\ C BdR(-R) and R[p~^~\ C BdR(-R) are faithfully flat. 
Moreover, R[p-'^] = B^RiRf^ and R[p-^] = BdR(P)^«. 

Proof. We prove the first assertion for R. The assertion concerning R follows remarking that 
BdR(P) = BdR(-R)/(P^(Z)) so that R[p-^] C BdR(P) is obtained from the extension R[p-^] C 
BdR(P) by tensoring with R[p-^] R[p-^] / {P^{Z)) = R[p-^]. 

We first prove that B'^^{R)/(t) is a faithfully fiat -algebra. It follows from 13.15] that 

Bjj^(P)/tBjj^(i?) is isomorphic to -R[p^"'^] \[vi — 1, . . . ,Va — 1, Wi — I, . . . ,Wb — l]] . This is a 
faithfully fiat R[p~^] \[vi — 1, . . . ,Va — l,Wi — 1, . . . ,Wb — l]] -algebra since R[p~^] C R[p~^] is 
faithfully fiat by ESI Furthermore, P[p^^] [[f i — 1, . . . , Wq — 1, t^i — 1, . . . , w^ — l]] is the completion 
of R (8)w(fc) ["^^1^^! • • • ! \ ^i^"*^) • • • ! "^b"^] with respect to the kernel of the map R ®w{k) 

R[p~^] [^^^^ • • • ! ^a^^ uif^, . . . , w^^~\ — > R[p~^~\ . Such kernel is given by (P^(Z), V2 — l,...,Va — 

l,Wi — 1, . . . ,Wb — l]. Thus, such completion coincides with P[p~^] [[t>2 — 1, . . . , fa — 1, Wi — 
1, . . . , Wfe — l]] which is a faithfully fiat P[p~^] -algebra. 
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Since t is a regular element of B^j^(i?), it follows by induction on i that B'^^{R)/{f) is 

the successive extension of fiat -modules and, hence, it is flat itself. Since -R[p~^] is 

noetherian, one concludes as in [Bri[ Thm. 5.4.1] that Bjj^(i?) is a flat -module. Since 

Spec(B^j^(i?)/(t)) — y Spec(-R[p~^]) is surjective then Spec(B^j^(_R)) — > Spec(-R[p~^]) is 

surjective as well and C B^j^(i?) is faithfully fiat. Arguing as in jBri[ Thm. 5.4.1], the 

faithful flatness of B'^^{R)/(t) as -R[p~i] -algebra implies that the assertion of the Proposition 
regarding B^j^(i?) implies the assertion regarding BdR(-R). 

We are left to compute the invariants. Recall from 13.15] that BdR(-R) = Bjj^(i?)|M — l][t^^]. 
Since [w] is invertible in B+R(i?), then B+^(i?)[M - 1] = B^^{R)[[Z - [n]]]. Note that [vf] - 

vr G Fil^B+^(i?) so that B^^{R)[[Z - [w]]] ^ B^^{R)[[Z - vr]] . We conclude that BdR(^) C 

BdR(-R) \[Z — tt]] . Since Z — vr is fixed by Qji, if we prove that BdR(-R)^-^ = R[p~^], we conclude 

that BdR(i?)^« is contained in R[p-^] [[Z-n]] ^ R\p-^]. Since it also contains i?[p~^], it coincides 

with R[p-^. 

We are then left to show that BdR(-R)^^ = -R[p~^]. The proof proceeds as in [Brit Prop. 5.2.12]. 
Consider the exact sequence 

Fir+iBdR(i?) FirBdR(i?) Gr'-BdRli?) 0. 

As Gr''BdR(i?) = t'Rlp-^] . . . , . . . , ^] by[335]one shows as in [Bui Prop. 4.1.4& 

Cor. 4.1.5] that W{gR, Gr''BdR(i?)) is R^jP^] if i = and 1 and r = and it is otherwise. We 
refer to loc. cit. for the details using 137431 11) in place of [BrT, Prop. 3.1.3]. 

In particular, B.^ {Gn^FiVBdRiR)) = HO(^h, Fir+^BdR(i?)) for r ^ which implies that 
HO(^H,Fil^BdR(i?)) = and HO(^jj, BdR(i?)) = HO(^h, Fil°BdR(i?)) since the filtration on 
BdR(i?) is separated and exhaustive hj^M Thus, H° (^h, Fil°BdR(i?)) C H°(^r, Gr°BdR(i?)) 

which is r\p^]. Since R^pr^] C H°(^i?, Fil°BdR(i?)), the claim follows. 

Alternatively, one can argue in the same way using BdR(-R) instead of BdR(-R). Thanks to 
[329K4) andlSJHKiii) one deduces that B'{Gr, Gr^BdR(^)) = for i > 1 and every r G N and is 
a direct summand in R®Ok Gr'^i^iog for z = 0. Here Gr C Qr is the geometric Galois group and 
Slog is the classical ring of periods introduced in §2.11 As Gr''i?iog = Ylia+h=r Gr^-BdR ■ {Z — vr)'', 
see §2.1.1[ one deduces that B^{Gr, Gr''BdR(-R)) is for i > 1 and every r G N and is a direct 

summand in R ®Ok Gr^i?dR for i = 0. One deduces that B^{Qr, Gr''BdR(-R)) is -R[p~^] if i = 
and 1 and r = and it is otherwise from the analogous result for the cohomology of Gr^i?dR. 

□ 

Corollary 3.19. The connection Vr (resp. V^, resp. '^rjq) induces the standard derivation 
d: R[p-^] (resp. d: R[p'^] — ^ ^^/^(fc) [P"'] ' '''^^P- d: R[p-^] ^^\/o[P~^])' 

Proof. It follows from 13.16] that the connections are ^/^-equivariant. Due to 13.181 upon taking 
invariants, we get maps as claimed. We only need to verify that they coincide with the standard 
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derivations. It suffices to prove that they send Xj to dXi and Yj to dYj (resp. Xi to dXi and Yj 

□ 



to Yj). This is clear. 



3.3 The functors D^r and DdR. De Rham representations. 

Let y be a finite dimensional Qp-vector space endowed with a continuous action of Qr. We 
write 



DdR(^) := (V^ BdR(i?))^^ , DdR(\/) := {v BdR(i?) 



Qr 



Then DdR(\^) is a ^]-module and DdR(\^) is a i?[p~i]-module. The filtrations and the 
connections on BdR(-R) and on BdR(-R) induce exhaustive decreasing filtrations FiPDdR(V^) and 
resp. Fil"DdR(l^) for n e Z and integrable connections 

V: DdR(\/) DdR(F) ®^ C]^/^^, V: ^,niy) DdR(F) ®~^_^^ 

such that the filtrations satisfy Griffiths' transversality. 

Definition 3.20. We say that a representation V of Qr is de Rham if 

DdR(V^) BdR(i?) — > BdR(i?) 

is an isomorphism of BdR(-R) -modules. 

Recall from 13. 171 that -R[p~^] = -R[p^^]|Z — vr] as filtered rings. Then, 
Lemma 3.21. Given a representation V of Qr, we have a functorial isomorphism of filtered 
R[p^^]-modules endowed with connection DdR(V^) ®^[p-i] R[p^'^] — >■ ^dRiV). Thus, 

(1) the filtration on DdR(\^) is the composite of the filtration on DdR(l^) and the {Z — Ti)-adic 
filtration. In particular, considering the map 

p: DdR(y) BdK{V)/{Z - tt) = DdR(K) 

the filtration Fil"DdR(\^) is the image o/Fil"DdR(l^). Viceversa Fil*DdR(^) is the unique filtra- 
tion such that the image via p is Fil*DdR(l^) and it satisfies Griffiths' transversality with respect 
to V . It is characterized by the property that for every n G N 

FirDdR(V^) := Ix G DdR(K)|p(x) G FirDdR(V^), J}""^ , G YiT-^'D^^iy) 

y d{z - tt) 

(2) V is de Rham if and only if 

DdR(V^) BdR(^) — > V BdR(^) 

is an isomorphism of B([Yi{R) -modules. 

74 



Proof. Recall from 13.15] that Bj|p^(i?) = B^j^(i?)|Z — vr]. This isomorphism is compatible with 

the isomorphism R[p^^] = -R[p^"'^] [Z — tt] via the inclusion -Rtp"-*^] C Bjj^(i?) and i?[p^^][Z — vr] C 
B^j^(i?) [Z — tt]. These isomorphisms are strict with respect to the filtrations where -R[p~^] [Z — tt] 
is endowed with the (Z — 7r)-filtration and B^j^(i?) [m — 1] is endowed with the filtration composite 
of the filtration on B^j^(i?) and the (Z— 7r)-adic filtration. We deduce that the natural application 

DdR(V) 

^[P ^] — ^ DdR(V^) is an isomorphism of filtered R[p i]-modules endowed with 
connection. This proves the first claim. Claims (1) and (2) follow. For the formula in (1) 
compare with |Brel p. 207]. We remark that in (1) the condition dx/d{Z - tt) e Fir~^DdR(V) 
is equivalent to V(x) G Yir~^I)^^{V) ®gj^„^j ^l/^^^y □ 

Proposition 3.22. Let V be a de Rham representation of Qr of dimension n. Then, 

(1) DdR(l^) (resp. DdR(\^)y) are finite and projective R[p~^] -module (resp. R[p^^]) of rank n; 

(2) theR[p-^]-modules¥iYDA^,{y), Gr'^DdR(V^) := FirDdR(V)/Fir+iDdR(V) and Gr"DdR(V) := 
FirDdR(V^)/Fir"'"^DdR(\^) are finite and projective for every r G N; 

(3) for every r G N the natural maps 

©„+b=„Gr"DdR(V^) Gr^BdR(i?) ^ V Gr"BdR(i?) 

and 

©,+,=„Gr"DdR(F) Gr^BdR(i?) V Gr"BdR(i?) 

are isomorphisms. 

In particular, the isomorphisms D^^{V)^ j^^^^i^ BdR(i?) V(^QBdR{R) anc? DdR(V^)®~ _ 
BdR(-R) — > V BdR(-R) are strict with respect to the filtrations. 

Proof. The last claim follows from the others and 13.211 Claim (1) for DdR(V^) follows from the 
assumption that V is de Rham and the fact, proven in [3A81 that the extension R[p-'^] C BdR(i?) 
is faithfully flat. The statement for DdR(V^) follows from l3.2Tl 

If (3) holds and since the extension C is faithfully fiat by 13.51 and since 

Gr''BdR(-R) is a free -module by 13.151 it follows that each Gr''DdR(V^) is finite and pro- 

jective as i?[p~^]-module. Arguing by induction one gets Claim (2) for FirDdR(l^) as well. 
Statements (2) and (3) for Gr*DdR(\^) follow from|32Il 

We are left to prove (3). Let T be the set of minimal prime ideals of R over the ideal (vr) of R. 
For any such V let T-p be the set of minimal prime ideals of R over the ideal V. For any V E T 
denote by Rp the p-adic completion of the localization of R aiVflR. It is a dvr. For Q G T-p let 

R{Q) be the normalization of Rq in an algebraic closure of its fraction field and let R{Q) be its p- 
adic completion. Let BdR,Q(-R) be the ring defined using the extension Rp C R{Q) and let Gr^q 
be the decomposition group of Qr at Q. It is the Galois group of Rp C R{Q)- The normality of 
R implies that the map R/pR — )■ YIq Rq/pRqi where the product is taken over all V and all Q, 
is injective. This and 13.151 imply that the map BdR(i?) — )■ nQBdR,Q(-R) is injective on graded 
rings and, hence, it is injective. It is naturally a map of ^^-modules considering the action of 

Qr on the prime ideals Q's; see |Bri[ Rmk. 3.3.2] for a description of the action on Wq R{Q). In 
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particular, the map /: BdR{V) — > YlQ'DdR,Q{V) where DdR,Q(V') := {V BdR,Q(i?)) ''''^ is 
injective. 

By |Brit Rmk. 3.3.2] the group Qr acts transitively on T-p and, for every Q and Q' G T-p, 
any h E Qr sending Q to Q' induces an isomorphism R{Q) = R{Q') and hence BdR,Q(-R) = 
BdR,Q'(-R)- This induces an isomorphism between DdR,Q(V^) and ^dK,Q'iy) as filtered R-p\p~^]- 
modules for any Q and Q' over V. As the elements in the image of / are fixed under the action 
of Qr and Claims (2) and (3) are known for R formally smooth over Ok by [Bril Prop. 8.3.2], 
Gr'^DdR(K) is zero apart for finitely many a's. The morphism / is strict with respect to the 
filtrations by 13.151 so that it induces an injective morphism Gr°DdR(\^) — )■ Hq Gi^'^-DdR,Q(^) 
for every a G N. Since the map in (3) is injective for DdR,Q(V^) for every Q, we conclude that 
the map displayed in (3) is injective for every n G N. This implies that it is an isomorphism and 
(3) follows. 

□ 



3.4 The rings Bg^ and B™^^ 

Define A^jg(i?) to be the p-adic completion of the logarithmic divided power envelope (W(E+)) 
of W(E"'") with respect to Ker(G) (compatible with the canonical divided power structure 
on pW(E+)). We define A^^j,(i?) to be the p-adic completion of the W(E"'")-subalgebra of 
W(E+)[p"i] generated by p-^Ker(e). We have a natural map A^ig(i?) — )■ A^^^{R). The 
element t = \og{[e]) is well defined in A^-^^. Define Bl-^{R) := AZ-^{R) [t-^] and B^^Ji?) := 

Let AJ^^g (i?) be the p-adic completion of the log divided power envelope (W (E"*") ®w{fc) O) 
of W(E+)(8)w{A;)C' with respect to Ker(6iog) (compatible with the canonical divided power struc- 
ture on pW(E+)(g)w(fc)C) in the sense of [K2l Def. 5.4]. Here we consider on W(E+)(g)w(fc)C' 
its log structure. Define A^^"^'^ (R) to be the p-adic completion of the (W(E+)®w(fc)C')^°^- 
subalgebra of (W(E+)(8)w(fc)C^)'°^[p~"'^] generated by p~^KeT(^Q[^^y We have a natural map 
AS'^(^) KT'^iR)- We define 

Bj'^^l^) := A5'^(i?) [t-'] and B^ '^(i?) := A^ '^(i?) [r'] . 



Let Aj^^g (i?) be the p-adic completion of the log divided power envelope ( W(E+)(8)w(fc)-R) 
of W(E+)®w{fc)-R with respect to Ker^G^^^^) (compatible with the canonical divided power 
structure on pW(E+)(8)w(fc)-R) in the sense of [K2] Def. 5.4]. Let Ps^^{R) be the p-adic comple- 
tion of the (W(E+)(g)w(fc)^)'°'^-subalgebraof (W(E+)(8)w{fc)^)^°^[p"^] generated by p-^Ker (9'- J. 
We have a natural map A^^^{K) — )■ Af^^{R). Define 

B[-(^) := ASi(f?) {t-'\ and ^^^{R) := A--(^) {t-'\ . 
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3.4.1 Explicit descriptions of Bf^^ and B™!"" 

Lemma 3.23. The ring A'^^'^'^ (R) coincides with the p-adic completion of the divided power 
envelope o/W(E+)['u] with respect to the ideal (^C,,u — l) = (P^ — l) . Hence, 

the p-adic completion of the divided power algebra A^jg(_R)(M — 1). 

Similarly, Aj^g^'^(i?) = W(E+) ^^|; the p-adically convergent power series ring in the 
variables W = ^ (or W = P-,^(^[if]^ ) and u — 1. In particular, 

A-r'^(i?) = Ai,(i?) '^-^ 



p 

Proof. We prove the claims for A^jg and AJ^^^'^. Those for A^^^^ and AJ^^"^'^ follow similarly. It 
is clear that A^jg(i?)|(u — 1)} is the p-adic completion of the DP envelope of W(E+)[u] with 
respect to the ideal u — l). There is a map of W(E+)[M]-algebras 

/:AL(i?){(«-l)}^A5'^(i?) 

by universal property of divided power envelopes. By definition A^^'^'^{R) is the p-adic comple- 
tion of W(E"'")'°^°^ and the latter is the DP envelope of W(E+) (8>w(fc) Cfttitt""*^] with respect 
to the kernel of the map to e;„g. Such kernel is {^,u- l) bv [331 Note that M = 1 + (m — 1) 
has X]i^o(~-'-)*^'('" ~ 1)^*^ multiphcative inverse in A^ig(_R){(M — I)}- Furthermore, Z = 
[vf] {u^^ — l)+ [tT] . If e is the degree of PniZ) then [vf]*^ = z/[p] with u a unit of W(E^). This im- 
plies that Z^ — pp admits divided powers in A^;g(_R)|('u — 1)| so that, since the latter is p-adically 
complete, power series in Z converge in it. We thus get a map g : Aj^^g '^(_R) — > A^jg(_R) { (m — 1) } 
which is the inverse of /. □ 



Corollary 3.24. For every n G N the morphisms 

W„(E+) {5o, . . .]/{p5, - e,pSm+i - AZ,,{R)/p-Al,,{R) 

and 

AL(^)/p"AL(i?)M{po, Pi, . . .}/{ppo -{u- ly^ppm+i - ff^)^^^ Kf{R)/p''Kf{Rl 

sending 6m to 7™''''^(0 (^''^d pm to 7™+^(m — 1) with 7(x) := {p — l)\x^^\ are isomorphisms. In 
particular, A^^-^^{R) and Ay^'^'^ (R) are p-torsion free. Also A'^^^^^R) and A'^'^'^ (R) are p-torsion 
free. 

Proof. For the first claim one argues as for the proof of |Bril Prop. 6.1.1 & Cor. 6.1.2]. If 
A^;g(i?) is p-torsion free, then Al^^^'^{R) is p-torsion free as well thanks to 13.231 One proves 

that A^ig(_R) is p-torsion free as in [Brit Prop. 6.1.3]. The fact that A^g^^(i?) and A'^'^'^{R) are 
p-torsion free is clear. □ 
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Lemma 3.25. The natural map 
is an isomorphism. The map 



A,r''(fl) ^ .... .... ^ ^ AZT(R) 



is an isomorphism. 

Proof. We prove the claims for A"g . Those for A^^^ follow similarly. We follow |Bril Prop. 

6.1.5]. Recall that A'i^'^{R) is the p-adic completion of f W(E+)(g)w(fc)i?] • The latter is the 
DP envelope of 



W(E+)®w(fc)^ 



with respect to the ideal [C,,u — 1,V2 — I, ... ,Va — I, Wi — 1, ... ,Wb — l) which is the kernel of 



the map to R by 13.141 Note that A^^^' (R) is an O-algebra. Consider the structure of 0[P']- 
algebra on A^^g '^(i?) {{v2 ~ I, . . . ,Va - l,wi - 1, . . . ,Wb - I)} given by sending Xi to [Xj] Vi + 
[Xi\ for i = 2, . . . , a and Yj to + [T'j] for j = 1, . . . , b. Using that Vi is invertible in 

A^og'^(-R) {(^2, ■ ■ ■ ,Va,Wi,. . . ,Wb)} for i = 2,..., a, it sends Xi to ni=2 The ring 

Ayl'^'^{R) {{v2 -l,...,Va-l,wi-l,...,Wb-l)} is 

ASg'^(^){^i, ^i,0, hi^l, ■ ■ ■ ,Wj,ij^o,ij^u ■ ■ ■ }i^2,...,a,j=l,...,b 
{Phifi - {Vi - l)P,phm+l,0 - hlm^P^ifi - (^i - l)^,P^m+l,0 " 

with hi^m ^ ^"^^^{vi) and hj^rn ^ 7™'+^(wj) where 7: x i-)- y. See |Brit Prop. 6.1.2]. Put 

E+/pPE+ [u-l,V2-l,...,Va-l,Wi - 1,...,W,- 1] 
■~ {{U - 1)P, {V2 - 1)P, . . . , (Wa - 1)^ [Wi - 1)P, . . . , K - 1)P) 

and X := (p, M — 1, f2 — 1, . . . , fa — 1, Wi — 1, • • • , Wfe — 1)- It follows from 13.2^ that 

A {(f2 - 1, . . . , f . - 1, «;i - 1, . . . , - 1)} /(p) = 

^ A\5q, 61, po, Pi, ...... . hifi, hi^i, ■ ■ ■ , ij^o, ■ ■ ']i=2,...,a,j=i,...,b 

(C Pm, ^lm)i=2,...,a,j=l,...,b,meN 

Then, Al"^''^{R) {{v2 — I, ■ ■ ■ ,Va — l,wi — 1, . . . ,Wb — I)} modulo p is an ^-algebra and A is 
an (9[P']-algebra. The ideal of X is nilpotent. Furthermore, A/T = R/pR as (9 [P'] -algebras. 
Since R/pR is a successive extension of (9[P']/p(9[P']-algebras obtained taking locahzations, 
etale extensions and completions with respect to ideals, there exists a unique morphism of 
(9[P']-algebras R ^ A inducing on R/pR its natural structure of P-algebra. This also provides 
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A|^og'^(-R) {{v2 — I, ■ . . ,Va — l,wi — 1, . . . ,Wb — I)} modulo p with a structure of i?-algebra. By 

induction on n we get unique maps R — Aj^^g '^(i?) {{v2 — I, ■ ■ ■ ,Va — l,wi — 1, . . . ,Wb — I)} / ip") 
of (9[P']-algebras, compatible for varying n, inducing via the natural map 

the natural structure of i?-algebra on R/p^R. Hence, 

KfiR) {{v2-l,...,Va-l,W,-l,...,Wb~l)} 

is a W(E"'")(8)w(fe)i?-algebra. By the universal property of A^l^^(R) such morphism extends 
uniquely to a morphism 

/ : Af-(^) AS;^'^(i?) {{v2-l,...,Va-l,W,-l,...,Wb-l)}. 

Consider the natural map g : Aj|^g '^(i?) {{v2 — I, ■ ■ ■ ,Va — l,Wi — 1, . . . ,Wb — I)} — > AJj^g (i?) of 

A^og '^(-R)-algebras. By construction it is a morphism of W(E+)(8w(fc)C^[-P']^algebras. Arguing 

as before, one concludes that it is a morphism of W(E+)(8)w(fe)-R^algebras since this holds modulo 
p"- by induction on n. One verifies that since the composites g o f and fog are morphisms of 
W(E+)(8)w{fc)-R^algebras, they are the identities on 

A^^^iR) and on A;=J'^(i?) {{v2 - 1, . . . ,Va - l,wi - 1, . . . ,Wb - 1)} 

respectively, by the universal properties of divided power envelopes. This concludes the proof. 

□ 

Remark 3.26. We have morphisms 

AL(^) {(^1 -l,...,va-l,wi-l,...,wb-l)}^ AZl'iR) 

and 

IP p p p } 

Using the isomorphism AJ^^g '^(i?) = A^;g(_R) | (m — 1) } of l3.23l the first map is a map of A^jg(i?)- 
algebras sending vi to w^f ■ ■ ■ and being the identity on the f j's for i >2 and on the w/s. 
Hence, using [3l25] we conclude that the above morphisms are isomorphisms if a = 1. 

Corollary 3.27. The rings Al"^{R) and A^'^^R) are p -torsion free. 

Proof. This follows from 13.251 and 13.241 

□ 
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3.4.2 Galois action, filtrations, Frobenii, connections 

Write A = AL(i?) or A^i?) [p-'] , A^^ := A^,f '^(i?) or AZp^ {R) [p''] and A,,, := A^^{R) 
or A--(i?) [p-i] . Put B = A [t-i] , B^^ = A^^ [f-^] and Bi^g = A,,, [f-^] . 

Galois action: The Galois action of Qr on W(E"'") extends to an action on the rings A, Aj^g 
and Aiog which are continuous for the p-adic topology. For every a E Qji we have a{t) = 
with x: — )■ Z* the cyclotomic character. Thus the action of Q^i extends to an action on B, 
Biog and Biog. 

Filtrations: Note that the rings 

A^iM and A^^^{R), with and without V, are endowed 
with the divided power filtrations which are decreasing and exhaustive. Similarly, Ainax(-R) 
and AjJJg'^(_R), with and without V, are endowed with the p~^Ker(9(Qg)-adic filtrations which 
are compatible with those on Al-^{R) and A^^^{R). Set FifB := Enez ^"Fil''""^, FifBj^g : = 
Enezi^'FiV^'K, and FifBi^g := En« '^"Fil''""Aiog for every r G Z. 

Frobenii: Let ipo : O ^ O he the Frobenius morphism inducing the usual Frobenius on W(A;) 
and Z I— 7- Z^. Let (pj^ : R — > R be the unique morphism which lifts Frobenius modulo p and is 
compatible via the chart ipj^: 0[P'] — )■ R with the morphism 0[P'] — > 0[P'] which is (fo on 
O and gives multiplication by p on P'. Then, ip ® ipo on W(E"'')®w(fc)C' extends to Frobenius 
morphisms ip on A, Aj^g and Aiog. They are compatible with respect to the natural morphisms 
between these rings. Since ip{t) = pt, the Frobenii extend to compatible morphisms on B^j^, 
Bi^g and Biog. 

Connections: Using [3^25] define the A-linear connections 



characterized by the property that for every m G N we have 

V{{y - = {y- V((y - 1)>~") = {mp-^){y - 

for y = u, Vi, . . . , Va, or Wi, . . . , Wt- One defines similarly 

as the Aj^g-linear connections characterized by the formula above for y = z;2, . . . , Va, or wi, . . . , w^. 

These connections are compatible for the natural morphisms Ajj^g (i?) — > Aj^g^(i?). They 
extend to connections on Biog. We will also prove in 13.381 that Frobenius on Biog is horizontal 
with respect to the connections V^^yy^^-) and V^^^. 

Corollary 3.28. The following hold: 

(1) the connections V^y^^^^ and V^^^ are QR-equivariant, they are integrable and they satisfy 
Griffiths ' transversality with respect to the given filtrations; 

(2) the connections ^^/^(^f^-) o-nd V^^^ on Aj^^g (i?) are p-adically quasi-nilpotent; 



80 



(3) the connections V^yyyj-^,-) and V^^^ are compatible with the derivation d: R — )■ 
(resp. d:R — > ^\/o)' 

(4) we have A^,,(i?) = AS|^(^)^«/w(fc)=° and Af^^"'^(i?) = AS|^(^)^«/o=°. 

Proof. Claims (2) and (4) and the claims that the connections are integrable and that the 
filtration satisfies Griffiths' transversality follows from the construction and 13.251 The Qr- 
equivariance is checked as in 13.161 Claim (3) is proven arguing as in the proof of 13.191 □ 

3.4.3 Relation with BdR 

Note that the ideal Ker(9iog) admits divided powers in bJ-^ (R) /FirBjjf (^) for every neN 
since p is invertible in the latter. Thus, the map W(E+)®w(fe)C — > {R) /FirB^^ (R) 
extends to a map 

This provides with a morphism A^^'^'^{R) — > Bjj^'^(i?). Similarly we get natural morphisms 

Proposition 3.29. The given morphisms have the following properties: 

(1) they are injective. In particular, A^^^^^R) and A^'^^^R) , with and without V, aret-torsion 
free; 

(2) they are compatible with respect to the connections; 

(3) they are strictly compatible with respect to the filtrations. In particular, 

Gr'AZiiR) = ©„6N<*+i%'"°'(« - 1)'"''(^2 - l)f""l ■■■{va- l)f""k«;i - 1)'""+^^ ■■■{wb- l)["''l 
and 

O ( U-l\ ( V2-l\ I Wb-^^ 



- \p J \ p J \ p J \ P 

(4) the maps B';^''^{R) B^p^iR) BJ^{R) and Bf-(^) ^ B£-(^) ^ B,n{R) 
are injective, compatible with connections, strictly compatible with the filtrations and 

Gr-BZ^iR) ^ Gr-B-^^(^) ^ Gr-BdR(^). 

Proof. The compatibilities with the filtrations and connections are clear from the construction. 
If the morphisms are injective, since B|[j^(i?) is t-torsion free by I3.15[ also Ajj^^ (i?) and A^p(R) 
are t-torsion free. Then, also the morphisms in (4) are injective and compatible with the connec- 
tions. They are also compatible with respect to the filtrations and if (3) holds, they are strictly 
compatible with respect to the filtrations and induce isomorphisms on graded rings by 13.151 

We are left to prove that the given morphism are injective and that the filtration on B^j^ 
induce the filtrations on A^^ and Aiog, using the conventions of §3.4.21 Due to I3.15[ 13.231 and 
13.251 it suffices to prove that the maps A^ig(i?) — )■ A^^^{R) — )■ Bjj^'''(i?) are injective and 
that FiVAli^iR) = A^-^iR) n FirBjj^+(i?) (and similarly for A^^^ (/?)). For this we refer to 
the proof of |Brit Prop. 6.2.1]. The last statement follows from the strict compatibility of the 
filtrations, the explicit description of the filtrations in A^^^^{R) and Aj^g''(_R) in 13.231 and 13.251 
and the description of Gr*Bjp^(_R) in 13.151 □ 
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3.4.4 Descent from B[^|'' 

Let R be the (p, Z)-adic completion of R. 

Definition 3.30. Define i?cris as the p-adic completion of the logarithmic divided power envelope 
of R with respect to the kernel (P^(Z)) of the morphism from R to the p-adic completion of R, 
compatible with the canonical divided power structure on pR. Put 

-'''max • ^ S ( 
I P J 

to be the p-adic completion of the subring R -^^^^^ of . 

Consider the inclusion -Rmax[p~^] C B{^g'^(i?). We have the following fundamental result: 

Theorem 3.31. (1) If a sequence of Rmax[p~^] -modules is exact after base change to B'^^^(^R), 
then it is exact. 

If an Rmax[p~^]-'>^odule becomes finite and projective as B^^^ (^R^ -module after base change 
to B[^|'^(i?), then it is finite and projective as Rraa.x[p~^] -'module. 

(2) If a = 1 then -Rmax[p~^] C B™|''(i?) is a faithfully flat extension. 

Write Ai'^°s,v Atf resp. W(E+)™^^) for the p-adic completion of the subring 



A+ 

R 



■im) 



(resp. of A± 



, resp. of W(E+) 



log,V 
il,max 



of W(E+) [p-i]. Then, At 

is isomorphic to i^^ax by EH It follows from EU] that W(E+)J||^"'^ ^ ^l^M- 

Consider the morphism of rings with log structures 9: A - (S)w(fe) R — ^ R induced by ©^log- 
Let (A~ ®w(fc) Ry°^ '■= A~(8)z[p'xP']^[<5] aiid let ^^log be the extension of 9 to (A~ (g)w(fc) -R)^°^. 
We write At'J|]^^ for the p-adic completion of (A± ®w(fc) ^)'°'^ [p-^Ker(^'°s)] . We define At;'°^^^ 
similarly using A~^ instead of A~. We start with the following: 

Lemma 3.32. (1) The extension At'^°s,v — ^ AZ,(R) is J:^'^ -flat. 

\ / _Ro,max maxv / J 

(2) We have an isomorphism 



■>•••■> 1 ■>•••■> 

P P p p p 



ij,max 



of R-aia.^- algebras. They are faithfully flat as R-^a.^- algebras. 

(3) AX'^°^ is a direct summand in AX'^"^ as AX'^"^ -module and AX'^"^ is a Z" -fl,at A't'^°^ - 

i?,max i?°,max /J.max R°,max _R,max 

module. 

(4 ) The extension A±'^°^ — > AV'TiR) X^^-flat. Thus the extension A±'^°^ — > Bj^f (^) 

R°,max log V y J _Ro,max l°g V 

is flat. 

In particular the extension i?max [(p^) ""^j C B™g^(i?) \_Z^^'\ is flat. 
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Proof. (1) Since the extension Ai 



'(E^) by base change via the extension A~ — )■ At 

\ J J G R° R° 



is obtained from A~ — )■ 

R° 



, it is X^-flat due to 13.131 The 



extension obtained taking p-adic completions is the extension A~^^°^'^ — > W(E+)™^^. Since 

A~^ '"p ^•^ is noetherian and p-torsion free, the extension of the lemma is X^^-flat by [Brit 
Thm 9.2.6]. 

(2)-(3) Recall that Ai'J|]^^ is the p-adic completion of (A±®w(fc)^)^°^ [p-^Ker(9^°^)] (resp. At;'°^^^ 
for A~^ instead of A~). In both cases Ker(6'iog) = (P7r([7f]) ® l,u — 1,V2 — 1, ■ ■ ■ ,Va — l,wi — 
1, . . . ,Wb — l); this ideal coincides also with (^1^Pt,{Z),u — 1,V2 — 1, ■ ■ ■ ,Va — l,wi — l, . . . ,Wb — l)- 
It follows as in 13.251 that Ai'^°^ is isomorphic to 

it, max 



U — 1 V2 — 1 Va — 1 Wi — 1 Wb — 1 

R " "max ^ ) 5 • • • 5 ) } ■ ■ ■ 1 

i^,max i P P p p p 

M— lf2 — 1 Va — I Wi — 1 Wb — 1 

, , . . . , , , ... 5 

P P P P P 



= Ai''°^'^ 

ij,max 



and, in particular, it is a faithfully flat i?max-algebra. This proves (2). Similarly, we have 

^+,log ^ ^/S^+.l°g.V / ^ - 1 ^2-1 Vg-l Wi-1 Wb - 1 

_R°,max i?°,max p ' p ^ ' ^ ;•••) ^ 

Note that At'^°^'^ is a direct summand in Ai'^°^'^ and the latter is a [vf 1°-flat A±'^°^'^ thanks 

if, max it°,max ^ it, max 

to I3.13[ As [vf] = Zu and u is invertible. Claim (3) follows. 
(4) As in (1) we deduce that 



i?°.max V n 



U — 1 V2 — 1 Va — 1 Wi — 1 Wb — 1 

, , . . . , , , . . . , 

P p p p p 



is {I'^'^Y-Rat. The latter is isomorphic to A[j;|^(i?) due to ESS Since IB^^'^iR) = B{JJ|^(i?) 
cf. [Bri[ Pf. Thm 6.3.8], the last claim follows. 

□ 

In order to prove Theorem 13.311 we show: 

Lemma 3.33. The image of the map g: Spec (b^^^[R)^ — > Spec ^-Rmax[p^^] j contains all 
maximal ideals not containing Z . 

Proof. We first prove that the image of g contains all prime ideals containing Pt^{Z). Consider 
the commutative diagram 

^max[p-^] — > BS-(^) 
— ^ BdR(^). 
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Recall that -R[p^i] is the PTr{Z)-a.dic completion of -Rmax[p ^] • Since the latter is noetherian, 

the set Spec(-R[p~^]) is identified with the set of prime ideals of -Rmax[p~^] containing Pt,{Z). 
Due to 13.181 the last row is a faithfully fiat extension and, in particular, the induced map on 
spectra is surjective. We conclude that the image of g contains all prime ideals of i?max 
containing Pt,{Z). 

The maximal ideals of -Rmax are defined by the L- valued points h : -Rmax [p^^] — ^ L for L 
varying among the finite extensions of K. Fix one and let us call it h. We characterize the images 
under the Frobenius morphism (p: -Rmax[p^^] — ^ -Rmax[p~^] of the maximal ideals containing 
Pt^^Z). As g is compatible with the Frobenius morphism ip: B™|''(i?) — )■ B™g''(i?), we conclude 
from the argument above that they also lie in the image g. Assume that P-k{Z) G Ker/i. Then, 
h{Z) = Ti' for some root tt' of P^(-Z'). The Frobenius morphism ip on -Rmax[p~^] maps Pn{Z) 
to P^{ZP) where, if P^{Z) = Z^ + j^i^iZ' G W(fc)[Z], then P^{Z) = Z^ + ^ia{ai)Z' is the 
polynomial with coefficients twisted by Frobenius a on W{k). Thus h o (p"^ sends P^iZ) to 
P;"(7r'p") for every n eN. More generally take a maximal ideal of -Rmax [p ^] corresponding to 

a homomorphism f to K sending Z to tc'^" for some n E Tj. As Frobenius ^p: R ^ Ris finite 
and flat by construction, Frobenius induces a surjective morphism Spec(-R) — )■ Spec(i?). Thus 
/ is obtained by pre-composing an homomorphism h: — > K, sending Z to tt', with yj"^. 
Note that h extends to -Rmax [p~^] ■ We conclude that / is in the image of (? as /i is and Frobenius 
on -R is the restriction of Frobenius on B{JJg^ (-R) . 

We are left to consider homomorphisms h: -Rmax[p^^] — ^ L which do not send Z to tc''^" 
for some root tc' of PjriZ). Let g be h{^PT,{Z) / p) . It is non-zero and, since -Rmax is p-adically 
complete, h induces a map h: -Rmax — > Ol- Consider the map 

s:A^I^{R)^AlM 

sending u — 1, V2 — I, ■ ■ ■ ,Va — I and Wi — 1, . . . ,Wh — I to 0; see 13.251 for the notation. Recall 
from 13. 12] that the [p, P7r(2'))-adic completion of -R is identified with the subring A~ C A^^^(-R). 

In particular, h defines a morphism h: A~ — y Ol and A^^J^R) is endowed with a structure 

of -R-algebra via these identifications, which is the same as the -R-algebra structure induced by 
s composed with the structural morphism of A™|^(-R) as -R-algebra. To prove that h is in the 

image of Spec (^BjJJI^(P)) it suffices to prove that there exists a morphism 

r: Al,(P)^a^ 

extending h and such that the image of t is non-zero. Due to [323] we have A^^^(P) = 
W(E+) l^^^^^j. It follows from [El §5.2.4&§5.2.8(ii)] that t = vo{[e\ - l) with vq a unit 

of Fontaine's A^ns so that r{t) 7^ if and only if r{\^e\ — l) 7^ 0. Note also that /;.(P7r ([tt]) /p) = 
g G Ol is already determined. It then suffices to prove that there exists a morphism 

q: W(E+) — > 
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(I) extending h and such that (II) q[[s] — l) is non zero. 

We start with (I). It follows from 13.11] that W(E^^) is the (p, P,r([7r]))-adic completion of 
the A --algebra obtained by adjoining all roots of [vf] , [Xj] for z = 1, . . . , a and of \Yj^ for j = 

1, . . . , 6. We deduce that, once chosen compatible roots of /i( [vf] ) , /i( [Xj] ) for i = 1, . . . , a and of 
^( P^-?']) J = 1? • • • 5 ^5 the morphism h can be extended to a morphism hoc '■ W(E^^) — > O^. 
By assumption h{Z) 7^ so that /i([7f]) 7^ 0. Since the image of h^o contains all p-th power roots 
of /i([7f]), it contains elements of of arbitrarily small valuation. Note that W(E"^) is the 
(p, P7r(^))-completion of the union of all extensions W(E+^) C W(E+^) for C S^{c ^) 
normal and union of finite and etale extensions of -Roo[p^^] after inverting p. Since is p- 
adically complete and separated, to achieve (I) it suffices to prove that hoo extends to compatible 
morphisms hs^ on W(E^^). Using Zorn's lemma we are left to show that, given extensions 
5*00 — Too as above which are finite and etale after inverting p and a map hs^ extending 
the morphism hs^ can be extended to a morphism hx^ . Write A for the base change 



The existence of the ring homomorphism hx^ : W(Ey^) — extending hs^ is implied 
by the existence of a ring homomorphism s : A — )■ Oj^ which is a section to t. Indeed if s exists, 
we define hx^ as the composition W(E;j^^) A Oj^, where a is defined by a(a;) = x ® 1. 

We have the following properties of the Oj^-algehia. A. Let us denote by ^tors the ideal of 
A of torsion elements and by ^0 '■= A/Ators- The Cj^-algebra ^0 defined above is fiat since it 
is torsion free. Let A := lim A/p^''A and similarly for ^o- 

00 -(—n 

1) m;^Aors = 0. 

Due to 13.31 the extension W(Ejj^) C W(E^^) is almost etale so that l is almost etale and, 
in particular, m;^-fiat. Here m;^ is the maximal ideal of Oj^. In particular, base changing to A 
the exact sequence 

we get that the kernel Alp"'] of multiplication by on A is annihilated by rri;^ for every n i.e., 
Aors = U^[p"'] is annihilated by m;^. 

2) The O-^-algebra Ao is torsion free. 

For every n E N the kernel of multiplication by p on Aq/p^Aq is p""^ Aq / p" Aq so that the 
kernel of multiplication by p on Aq is lim p^~^Ao/p^Ao which is 0. 

oo-f-n 

3) Ao is non-zero. In particular, ^[1/p] 7^ by (2). 

To prove this we describe the map induced by l by taking quotients O^/pgO^ — )■ A/pqA 
as follows. The quotient W(E|^) ®w(fc) Ol modulo (-P7r([7f]) CS) 1, 1 ®pq) coincides by 13. 101 with 
5*00 ®w{k) Ol/pqOl and similarly for W(E;^^) ®w(fc) C'l- Then, the map hs^ '■= hg^ modulo pg 
factors via ®w(fc) Ol/pqOl and l modulo pg is the base change via hs^ of the extension 

r: 5*00 (8)w{fc) Ol/pqOl — > T^o (8)w(fc) Ol/pqOl- 



85 



Since Too is the normalization of 6*00 in a finite and etale extension of 6*00 we conclude 
that the map induced by r on spectra is surjective on generic points and, being an inductive 
limit of finite and finitely presented S'oo-algebras, it has closed image. Hence, it is surjective. 
In particular, there exist prime ideals of Too ®w(fc) Ol/pqOl over the prime ideal of 6*00 ®w(fc) 
Ol/pqOl defined by the kernel of 5'oo®w(fc) Ol/pqOl ^~k/^~k^~k induced by hs^ . The set of 
such ideals is Spec(^/m7^^) . We conclude that A/m-j^A is non trivial. Due to Faltings' almost 
purity theorem, see 13.31 the extension 6*00 C Too is almost etale so that the trace map Tr : Too — ^ 
5*00 has m-^^oo in its image. Its base change via hs^ provides a map ip: A/pgA — )■ Oj^/pgO-f^ 
of (9j^-modules having rri;^ in its image. Since any element of ^tors has image via ip annihilated 
by rrij^ by 1) and since the only such element in Oj^/pgOj^ is 0, we conclude that ip{Ators) = 0. 
We conclude that ^tors C A/pgA is not surjective, i.e., the quotient which is Ao/pgAo is non 
trivial. In particular p is not a unit in Therefore for all n > the ring Ao/p"'Ao is non- zero 
which implies that ^0 is non-zero. 

4) ^o[l/p] is a finite dimensional ii'-vector space and coincides with 

Since S'oo C Too is almost etale, vr^Too is finitely generated as S'oo-niodule by 13.61 Hence, 
there exist ei, . . . , Cn in ^ such that if B is the 0;^-submodule of A generated by ei, . . . , e„ we 

have tvpA C B + pA. As i3 is a finitely generated C-^-module, it is p-adically complete. We 
claim this implies that we have: 

ttpA c B c a. 

Indeed, let us denote by p" := tcp with < i; < 1 and let x E A. Then p'"x = bo + pxi, with 
bo E B and Xi G A. Then p'"x = bo +p^~"{bi +PX2), with bi E B,X2 E A. Iterating this process 
and using the completeness of B we obtain that 

p^x = bo + p^-^'bi + p2(i-")62 + ...eB. 

Since multiplication by annihilates ^tors and has trivial kernel on Aq, we have for every 
n that the map ^tors — > A/p"'A is injective with quotient Ao/p"'Ao. Taking projective limits we 
get the exact sequence — )■ v4tors A ^ Aq ^ 0. Therefore «4.[l/p] = ^o[l/p] = -Sfl/p]; which 
proves the claim. 

5) There is a section s: A — > Oj^ of l. 

We have that is a finite etale ii'-algebra by (4). Therefore is a finite product of 

copies oi K a.?, K is an algebraically closed field. Therefore there exists a section sk '■ A\i/p\ — > 
K to the structure morphism lk'- K — y A\i/p\. 

As Ao C is p-adically complete and separated, we have sk{Ao) C O^. Denote by s 

the following composition 

A^Ao^Ao-^ ^ ^. 

It is clearly a section of l as required. 

We now prove (II). First of all we consider the particular case that h sends Z to a root of 
P^™(Z'), for some m G Z, assuming that P^"^{Z) ^ Pt^{Z). Then, P""" {Z) is an Eisenstein 
polynomial so that C/(P^™(Z)) = Ol is a discrete valuation ring with uniformizer vr', image of 
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Z. Identifying W(E0^^ ) with the (p, P^™(Z))-completion of O^Z^ij^^j^ sending Z to [vr], we 

get that W(E+ , )/(P^™([7f])) ^ Ol^ C with O^^ C the direct hmit of the discrete 

valuation rings Ol{t^'-^\ for n G N. Since ([7f]^p) is a regular sequence in W(E0_^) by 13.111 

we deduce that A := W(Ej_)/(P^'"([7f])) is p-torsion free. By construction it is the p-adic 

completion of almost etale extensions of Oi^^. Hence, we can extend the inclusion Oj^^ C 
to an injection r/: A — )■ O^. As P^'^lZ) and Pn{Z) are monic Eisenstein polynomials of degree 
e, we have P^iZ) = P^{Z) modulo p and A/pA = W(E+_)/(P^([7f]),p) = O^/pOk bv 13101 

Hence 77 is an isomorphism and r/ modulo p factors via the canonical map O : W(E0_) — t- O^. In 
particular, ( [e] ^ ) 7^ 1 as 9 ( [e] p ) = ^ 1 modulo p. Recall from 13.101 that 1 + [e] p + ■ ■ ■ + [e] ~ 

is P7r([vf]) up to unit since they both generate the kernel of 0. Thus ^^([e^]'') is not a primitive 
p-ih. root of 1 as else 77(P^([7f])) = but we assumed that P:^"'{Z) and P-n{Z) are coprime. We 

conclude that 77 ([e]) = ?7([e]p)^ 7^ 1. As g constructed in (I) is compatible with rj^ we conclude 
that in this case q satisfies (II) as wanted. 

We prove (II) in the general case. Thanks to the particular case just discussed and the 
argument with Frobenius at the beginning of the proof, we may assume that there do not exist 
m G Z and ?7, G N and roots vr' of P^"^{Z) such that h{Z) = tt . Take any q as in (I). Recall 
that /i(Pvr([7f])) = h[PT^{Z)) = pQ is non zero in L by hypothesis. 

a) There exists n such that /^([ep^]) 7^ 1. 

Recall from 13.101 that 1 + [e] p H — ■ + [e^] is Ptt ( [vf]) up to unit since they both generate the 
kernel of G. In particular, applying ip^~'^ we get that 1 + [e?^] + ■ ■ ■ + [e:^] is P^^ "([vfp""^]) 
up to a unit for every n G N. Thus, if /^([e:?^]) = 1 for every n then h (^P^^ " ([tTp""^]) j = p 

times a unit of for every n. As /i([vf]) = 7 G Ol is not a unit and it is not zero and 
Pn{Z) is an Eisenstein polynomial of the form +pg{Z), we deduce that for n large enough 

h (^P^^ " ( [^^]) j = 7^ +P9'^^ " (7?^) has valuation strictly smaller than the one of p, leading 
to a contradiction. 

b) We have /^([e^]) 7^ 1 which proves (II). 

Assume on the contrary that /?-([£]) = 1. By a) there exists n such that 7^ 1. 

Take the smallest such n. Then, /i^^ep^]) is a primitive p-th root of unity. Thus h maps 
1 + [ep^~\ + ■ ■ ■ + [€~~\ to and, arguing as in (a), we conclude that h (^P^^ " ( [vfp""^ ] ) j = 0. 

Thus, 7i' := h{[w^]) is a root of P^ "{Z) and h sends Z to tt^" . This contradicts our 
assumptions on h. □ 

In order to prove 13.311 we have the following lemma whose proof we leave to the reader: 

Lemma 3.34. Consider rings A B ^ C ^ D such that A ^ B is faithfully flat, B is a 
direct summand of C as B-module and C D is faithfully flat. Then, 

(1) A sequence of A-modules which is exact after tensoring with D over A is exact; 
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(2) An A-module M, such that M D is finite and projective as D -module, is finite and 
projective as A-module. 

Proof, (of Theorem [3311) Thanks to[332and[33athe inclusion ^^ax [(p^)"^] C B;^|^(^) [Z^^] 
is faithfully flat. If a = 1, as i? = i?° in this case (see 133]), the inclusion i?n,ax[p~'] C B-|^(/?) 
is fiat. 

Due to 13.321 and 13.341 to conclude the proof of the theorem we are left to show that the map 
^l°max[^~^] — ^ is faithfully fiat if we localize at maximal ideals of A±;^^°^^^ [p"^] 

containing Z. Equivalently we need to show that the map on spectra contains all closed points 
associated to L- valued points h\ At''°^ — > L, for some extension K d L, such that 

^ R°,maxL-^ J ' ' 

h{Z) = 0. 

First of all the map h defines the map Hq: O^ax W(fc) sending Z to 0. We claim that one 
can extend Hq to a i^-point hj^ of Bj^g"" (O) . For this it suffices to show that Z is not invertible 
in B™|''(C). As f{Z) = Z^ and ip(B^^'^(^0)) is a subring of Kato's period ring _Biog introduced 
in §2.1.11 by 13. 59^ it suffices to show that Z is not invertible in -Biog. It follows from [Bre| Cor. 
4.1.3 & Prop. 5.1.1(n)] that ^^{B^og) ^ C'cris[p^^] which is contained in Omax[p"^]- Thus, if Z 
were invertible in -Biog, then Z^^ and thus Z itself would be invertible in Omax[p~^] which is not 
the case. ^ 

Since Ai'^°^'^ is »-adically complete, h defines a morphism h: Ai''°^'^ — Or. As the 

_R°,max J f ^ f R°,max ^ 

images of m — 1, f 2 — 1, . . . , f a — 1 and wi — 1, . . . ,Wb — I are determined thanks to 13.231 and 
I3.25[ it suffices to show that there exists a morphism r: A'^^^{R) — > Oj^, extending h and such 
that the image of t is non zero. As in the proof of 13.331 we are left to construct a morphism 
q: W(E+) — y Oj^ extending h and such that q{[e]) 7^ 1. First of all we extend h using the map 
%: W(Ej_) ^ defined above. Note that the image of [e] — 1 is non zero as hj^{t) is non 

zero. The map q, extending h and h-j^, is then constructed as in the proof of 13.331 We leave the 
details to the reader. □ 

3.4.5 Localizations 

Assume first that R is p-adically complete and separated and that the log structure coincides with 
the log structure defined by the ideal vr. This amounts to require that Yi, . . . ,Yh are invertible 
in R and that there exists 1 < i < a such that Xi, . . . , Xj_i, Aj+i, . . . , are invertible in 
R. Up to renumbering the variables we assume that Xj = X^. In particular, R is obtained 
from Ok [^t^, • • • , X^}^, Y^^, . . . , Yf^^~\ by iterating the following operations: taking the p-adic 
completion of an etale extension, taking the p-adic completion of a localization and taking the 
completion with respect to an ideal containing p. Put Rq := R/ZR. It is p-adically complete 
and separated and Rq/pRq = R/nR. 

Lemma 3.35. There exists a unique isomorphism R = RolZ] ofO[X^\ X^_\, Y^^\ . . . , Y^^^] - 
algebras lifting Rq/pRq = R/ttR. In particular, 

^eris = RolZ] {{PAZ))} , ^max = i?o[^l 
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Proof. Both R and -Rol-Z^l are (p, Z)-adically complete and separated. By definition of R in l3.7[ 
tfiey are botli obtained from O [X^^, . . . , X^}-^^, ^i^^^ • • • ? ^b^^] by iterating finitely many times 
the following operations: taking the (p, Z)-adic completion of etale extensions, the (p, Z)-adic 
completion of localizations and completion with respect to some ideal containing {p,Z). One 
proceeds by induction on the number of iterations to show that the algebras we obtain are 
isomorphic modulo {p, Z) and, hence, they are isomorphic, cf. 13.71 □ 

Following |Bril Def. 6.1.3] we let Bcris(-Ro) := Acris(-Ro) [^^^] where Acris(-Ro) is the p-adic 
completion of the DP envelope of W(E'*') (8)w(fc) Ro with respect to the kernel of the morphism 

9: W(E+) ®w(fe) Ro — > R- Similarly one defines Amax(-Ro) and Bmax(-Ro) := Amax(-Ro) [i""^] 
where Ainax(-Ro) is the p-adic completion of the subalgebra of W(E+) ®w(fe) -Ro[p~^] generated 
by p~^Ker(6) . 

Corollary 3.36. We have A"^^^'^ (R) = Al,,{Ro)lZj {{PAZ))} andAZ^{R) = Aens(i?o)®Ko^cris. 
Similarly, A;^g^^'^(i?) = AlM)lZl {^} and A--(^) = A^ax(i?o)®Ko^max. 

Proof. This follows since R ^ Ro[Z] hjEM □ 

We now return to a general R, i.e., assume that R satisfies the assumptions in §3.11 Let T be 
the set of minimal prime ideals of R over the ideal (vr) of R. For any such V let T-p be the set of 
minimal prime ideals of R over the ideal V. For any V E T denote by R-p the p-adic completion 
of the localization of R at V (1 R. It is a dvr. Let R{V) be the (p, Z)-adic completion of the 
localization of R at the inverse image of V and let R-p^ := R{V)/ZR{V). Then, R{V) = Rpfi\Z\ 
by 13.351 For Q G Tp let R{Q) be the normalization of R-p^ in an algebraic closure of Frac(i?Q). 

Lemma 3.37. The maps 

K^iR)^ n A[-(^(p))- n AURv,o)mm{z))} 

obtained from the functoriality of the construction of A™^ are injective, Q ^-equivariant and 
compatible with filtrations and Frobenii. Similarly, the maps 

KTiR) ^ n _ KT^R^v)) = n _ An.ax(i?P,o) [^1 1 ^ } 

are injective, Qji-invariant and compatible with filtrations and Frobenii. In particular, the same 
holds if we take Bj^^g instead of AjJ^g and if we take Bj^g"" instead of A 



max 
log ■ 



Proof. The compatibilities with filtrations and Frobenii follow from the construction of A™^ and 
A™|^ and their functoriality. As remarked in the proof of I3.22l the group Qr acts transitively on 
T-p for every V E T and, by the normality of R, we have an injective ^/j-equivariant homomor- 
phism R/pR C IIpgt qgTp '^^^^ implies the claimed ^^-equivariance. It follows 
from 13.2^ that the displayed map of the Lemma is injective modulo p and, hence, it is injective. 
One argues similarly in the case of A™g^. □ 
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Corollary 3.38. Frobenius on Bj^^g (i?) and on B^^^{R) is horizontal with respect to the con- 
nections V f^j^f^^-^ andVf^iQ. 

Proof. We need to prove that y9 o V = V o where Frobenius on the differentials is defined by 
sending dx (-)■ dip{x). Due to 13.371 it suffices to prove it in the case that R is a complete dvr. 
Thanks to 13.361 one is reduced to prove the horizontality for Bcris(-Ro) and Bmax(-Ro)- This is the 
content of |Brit Prop. 6.2.5]. □ 

3.5 The geometric cohomology of B[^^g 

Fix an embedding K G Q with Q an algebraically closed field containing R. We call 

Gn := Gal {R[p-']/RK) , Gn ■= Gal {R[p-'] / R[p-']) 
the geometric (resp. the arithmetic) Galois group of -R[p~^]. 

In l3.30l we defined Rais (resp. -Rmax) as the p-adic completions of the logarithmic DP envelope 
of R with respect to the kernel Ker of the morphism R — > R (resp. of the subring R of 

R[p~^]). Similarly, one defines the geometric counterparts Rf^^''^^^^ and Rf^^'^^^ using the subring 

^geo _ W(E+_) ®w(fc) R C W(E+) ®w(fc) R 



instead of R and the kernel of the natural morphism R^^° — > R induced by : W(Ei) ( 

R ^ R. As in §3.4.21 one endows -Rf^g'™'*^ and -Rf^"'™'^^ with filtrations. There are morphisms 
^geo.cris _^ Aj^Qg (_R) and Rf^"'^^"^ — > A™g''(_R) preserving the filtrations. For m G Z we set 

Fir (^fog''"T']) = J2 ^Fil'^'Aog'"", Fil™ (^fog°'""[^"']) = Yl ^FiF+'"^f4°''""" 

s s 

in Rf:;'''''[t-'] (resp. ^f^"'"^""^^]). For m = -oo we put Fir^f4°'"'^[t-i] = <g°'"'^[t-i] and 
FiV^Rf^°'"^^^[t~^] = -Rf^g'™'^''[t^^]. The main result of this section is the following 

Theorem 3.39. (i) For i > 1 the cohomology groups 

are annihilated by ([e] — — l)^X^ for i > 1, with d = a + b, and they are zero if we 

invert t. For i = we have infective morphisms 

^geo.cris _^ j^o ^(.^^ K'^liR)^ , ^f-'-- H° A-g-(^)) 

with cokernel annihilated by a power oft and which are strict with respect to the filtrations. 
(a) We have an infective morphism 

i?go,GrMens ^ {Gr,Gi'K'^1{R)) 
90 



with cokernel annihilated by a power of p. 

(Hi) For every m G Z U {—00} and every i > 1 we have 

ff (Gfi,FirB-^^(^)) =0. 

For i = we have isomorphisms 

(Hi') Statement (Hi) holds replacing Bj^^g (i?) with Bj^^g (i?) (8>Bj„g -Biog and replacing -Rf^^g'™** 
with -Rfog'"^"*^ ®Siog Biog- See ^2.1\ for the notation. 

Using [3I39I we also prove the following analogue of |Brel Prop. 5.1.1(ii)]: 

Proposition 3.40. There exists s E N, equal to 2 if p > 3 and equal to 3 if p = 2, such that 
if' (bZ^{R)^A C Rcris[p~'] and ip' (B-f C Rm..[p-~'] ■ 



Let Hji C Gji be the Galois group of R[p ^] over RooK. Then, := Gr/Hr is the Galois 
group of RooK over RK. Due to Assumptions (3)&(4) in §3.11 the monoid ■ '?Ar({0} x 
j^a-i X p^^) c RK is saturated which implies by Kummer theory that RK (g)R(o) R^^ is an 
integral domain, i.e., it coincides with RooK. Thus Tr coincides with the Galois group r^(o) = 
®i=2'^p1i ® ©5=iZp5j of the extension 

j_ j_ j_ j_ 

d(o)^ -77 _ K[Xi,...,Xa,Yi,...,Yb\ K[Xf,...,X^'-,Y{'\...,Y^;'-] 

where for every i = 1, . . . , a we let 7^ be the automorphism characterized by the property that 
for every n G N we have 



e„!X."' iih = i 

X^- \/l<h<a,h=^i 



1 _L_ 

and 7i(l^"') = Yj"' for every j = 1, . . . ,b. Here, e„! is the primitive ?T,!-root of unity chosen in 
12.11 Similarly, for every i = j, . . . , 6 we let 6j be defined by the property that for every G N 

we have 6j [X"' ) = X"' for every i = 1, . . . ,a and 



F,^ yh = l,...,b,h^j. 



The proof of 13. 391 is in three steps: 

1) First of all, using Faltings' theory of almost etale extensions, we prove that 



W{HR,Kl%R)/p^AZ'i{R) 
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and _ _ 

are annihilated by the ideal X for i > 1. We also construct rings Aj^^g^^^ and A{JJ|^ with maps to 
Aj^Qg (i?)^^ and A^^^{R)^'^ respectively, such that modulo kernel and cokernel are annihilated 
by X for every m G N; see 13.481 

2) We define subrings Af^^'^^'^{R) and Af^°'™(_R) of A™|^^ and Af^^^^ respectively such that 
these inclusions modulo fp'", Yl^=o [^\ ) i^^duce a morphism between the cohomology groups 
with respect to the group F/j with kernel and cokernel annihilated by {[e]p — 1)^. See 13.531 and 

EM 

3) We prove that the cohomology groups 

vanish for i > d + 1, are annihilated by the ideal {[e] — 1)^ for i > 1 and coincide with 
Rfog'^^^^/p^^Rfog'"^^ up to [[e] — l) -torsion for i = 0. We also prove that 

coincides with -Rfj^°'™^'^/p'"-Rf^°'™'^'' up to multiplication by ([e] — l)*^. See 13.561 

Proof of \3. 39\ We start by showing how Claim (i) follows from (l)-(3). First of all using 
the limit argument of |AB^ lemma 23 & Cor. 24] one proves that (2) holds modulo up to 
{[e]p — l)^-torsion for every m G N. Using the Hochschild-Serre spectral sequence applied to 
Hr C Gr giving 

H'-(FR,ff(i/«,-)) ^H^+^(G'h,-), 

the first claim in I3.39( i) follows, considering the rings modulo p*", up to ([e] — — 1)'^X- 

torsion. Using once more using the limit argument of \AB\ lemma 23 Sz Cor. 24] the first claim 
follows. As [e]P — 1 belongs to X and it is invertible in -BcHs by |Bril Pf. Thm 6.3.8], the ideal 
([e] — l)'^{[e]p — 1)^X becomes a unit if we invert t proving the vanishing in Claim (i). 

The injectivity for i = in I3.39( i) and the fact that the maps are strict with respect to the 
filtrations is proven in 13.421 

Claim [H75W ii) concerning the graded rings are proven according to similar lines. The analogue 
of (1) is contained in 13.431 The analogue of (2) is the content of 13.551 The analogue of (3) is 
also proven in 13.561 

Claim I3.39( iii) is discussed in §3.5.41 

Claim I3.39( iii'). concerning the vanishing of the cohomology groups, is a variant of the 
strategy described above and is discussed in §3.5.51 For the computations of the invariants, see 

Km 

For the reader's convenience we summarize in the following diagram the various rings ap- 
pearing in this section in the crystalline setting. The horizontal rows should be thought of as 
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analogues of the inclusions ROj^ C R^oO^ C R. The top row is the V = analogue of the 
lower row: 

^geo,cns ^ Af;°'-^(^) C C A-(^), 

where: ^ 

i) Af^g^^g^ (resp. AJ^^^'^) is the p-adic completion of the log DP envelope of W(E^^ ^_)®w{k)R 

(resp. W(E^^ with respect to the natural morphism to R. It is the analogue of 

the inclusion R^oO^ C R and by almost etale descent it reduces the computation of the Gr- 
cohomology of K^^^^R) to the computation of the F^^-cohomology of Af^^g ^; see 13 .481 

ii) A~'^^.° is the p-adic completion of the log divided power envelope of the image A-'^*^" 

of A~(g)w{A,.)W(Ej_) W(E) with respect to the morphism to R] see §3.5.21 It is the de- 
perfectization of AJ^^g 

iii) Afj^°''^"'^(i?) is the p-adic completion of the log DP envelope of A~'^*^°(8)w(fc)-R with respect 



ens 
log,oo" 



to the morphism to R. See §3.5.21 It is the de-perfectization of Kl"^ 

3.5.1 Almost etale descent 

Denote by Roo,o^ the composite RooO^ C R. 

Lemma 3.41. (1) For every n G N the suhring RnOj^ G R is a direct factor of Rn ®o , 
and is a normal ring. 

(2) Let S d Vt he a normal R^^q— -algebra, finite etale and Galois with group Hs after 
inverting p. Then, for every i > 1 the group W[Hs,S) is annihilated by the maximal ideal 
of Oj^. For i = it coincides with R^ o^- 

In particular, W(^Hji,R^ is annihilated by the maximal ideal of Oj^ for i > 1. For i = it 
coincides with Roo^o^ o-nd the latter is a normal ring. 

Proof. (1) It follows as in §3.1.1l that Ru^Ok^l is a normal ring for every n G N and every finite 
extension K C L C K. As it is noetherian, it is the product of normal domains one of which is 
its image RnOi C R. Thus, RnOj^ is a direct factor in Rn'^Ox^'K ^ normal domain. 

Statement (2) follows from 13. 3| cf. |F3t §2c]. The claim concerning the invariants is clear if 

we invert p. Since Roo,Oj^ is normal by (1), it follows that R ^ = R^ o^- 

The last statement follows from (2). □ 

Corollary 3.42. (1) The image of R^"" via Qj^ ^^^ is ROj^. 

(2) The map ^gg°'^"' ^ Ag'^(^) (resp. Rf^l''^''"" injective and strict with 
respect to the filtrations. 

(3) We have a surjective, Gx-equivariant map R^a^iog -Rfog'™^ where stands for the 
p-adically completed tensor product, which is compatible with the filtrations and admits a splitting 
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compatible with the filtrations. It is an isomorphism if the map R ®Ok ^'k ~^ ^^wi'^ ^) ^■s '^'^ 
isomorphism. 

(4) Statements (2) and (3) hold after taking the p-adically completed tensor product ®AiogAog 
and R^o Aog = R^OK^og- 

Proof. It follows as in KW l) that the kernel of the extension of B^j^ : i?W(Ej_) — ^ to 

/ ~ ~ \ log 

( -R„W(EJ_) j is generated by a regular sequence consisting of 2 elements, given by u — 1) 

(or (P7r([7f]),M — l))- The graded pieces are isomorphic to the image of 0iog- By 13.411 the ring 
RO^ is normal so that the map RO^/p^RO^ — )■ R/p'^R is injective for every m G N. We 
conclude that ROj^ — )■ i? is injective. Thus, the image of -RW(EJ_) via ©^log is ROj^ proving 
(1). Due to 13.14( 2) we conclude that the maps in the statement (2) induce injective maps on 
the associated graded rings. It follows by induction on m G N that they are injective modulo 
the m-th step of the filtrations on the two sides of the given maps. As the filtration on A^"^{R) 

and on A'^^^^R) is exhaustive, claim (2) follows. 

Recall from 13. 4T] that R®Ok^tc is the product of integral normal domains one of which is 
B := RO^. As the latter is normal, the map B/pB — )■ R/pR is injective so that, since p is 

not a zero divisor in 5, we deduce that the map on p-adic completions S — )■ i? is injective. As 
R/{P^{Z)) = R, the reduction of the W(E+_)®w(fc)^ modulo is C;^®o^(/2/7r/2). By 

Hensel's lemma the direct factor B/nB of 0^®Oj^{R/'kR) lifts uniquely to a direct factor B 
of the (j9, ^, Z)-adically completed tensor product -R®w(fc)W(E^) . By construction the map 

B —7- W(E0_)(8w(fc)-R modulo (^,P7r(2')) coincides with the inclusion B C R^Ok^k- This 
implies that the p-adic completion -Bj™^ of the logarithmic divided power envelope of the map 
Qb- B ^ B has B as graded piece for the DP filtration. As 0^ is compatible with ©^log 
we get a natural map — )■ Rf^°''^^^^ which is an isomorphism on graded pieces. The DP 
filtration being exhaustive, it is an isomorphism. As -R®w(fc)W(Ej_) maps to P^o^iog, which 

is (p, ^, P7r(Z))-adically complete, we get a map B — )■ R^aAiog- Arguing that the kernel of 9^ 
is generated by the regular sequence m — l) , see 13. 14^ and using that (,^, u — l) admits DP 
powers in Ai^g, we obtain a natural map Bf"^ — )■ R^oAog inducing the inclusion B — )• R®Ok ^T< 
on the graded pieces for the DP filtration. It provides a splitting of the map R^o Aog Rfog^"^ 
as required in Claim (3). 

We prove (4). As Z = vr in Aiog, see H2.1\ we have Pt,{Z) = and R®o Aog — R^Ox^og- 
The analogue of (3) is then clear. The filtration on Aiog[p~^] is the one induced from B^^ and 

the two rings have the same graded pieces, each isomorphic to K. Consider the composite map 

where the second map is provided by I3.29[ The morphism r is compatible with filtrations as 
both maps are. The ring -Rfog'™''®Aiog^iog has J3 as graded pieces, using the analogue of (3). As 

B injects in R, the map r is injective on graded pieces by 13.15( 6). Thus, it is injective and strict 
on filtrations. Therefore also -Rfog'™*^®Aiog^iog — > Ajjjg (_R)(8)^j^gy4iog must be injective and strict 
on filtrations. The claim follows. 
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□ 

Corollary 3.43. Consider the following situations: 

(i) A = R/pR and equal to the image of Roo^o^/pRoo,o^; 

(a) A = R and A^ the p-adic completion R^o^o^ of Roo^o^; 

(ill) A = Gi'AZ^ and A^ := ®nm''+^Roo,o^^^'''\u - l)["^l(t;2 - 1)^"^^ ■ ■ ■ {va - l^'^^wi - 

The groups H' [Hr, A) are annihilated by the maximal ideal of Oj^ for every i > I. For i = 
the natural map 

A^-^W{Hr,A) 
has kernel and cokernel annihilated by the maximal ideal of O^. 

Proof. The first two statements are clear. For (iii) we use that Gr*AfQg(_R) = ©„gNd+i_R^["°l('u — 
l)["il(t;2 - 1)'"'' ■■■{va- - ■■■{wb- proven in 13^1 The claim follows then 

from (ii) noting that Hr acts trivially on ^, m, ^2, . . . , fa, wi, . . . , wi,. 

□ 

Define Aj^^g*^'^ and A™g^ to be the p-adic completion of the log DP envelopes of W(Ejj^ Q_)®w(fc)C' 

with respect to the natural morphism to R induced by and, respectively, the p-adic com- 
pletion of the (W(E+^^_)®w(fc)C)'°*^-subalgebra of (W(E+^ ^_)®w{fc)C)^°^[p"^] generated by 
p~^Ker(0jQg) . As in 13.231 and in 13.241 one proves the following results: 



Lemma 3.44. The ring P^^^goo ^■^ p-adic completion of the DP envelope of W(eJ^^_) 

' K 

with respect to the ideal {^,u — 1) . 

Similarly, Aj^g"^ = W(E^^ ^_) ||, -^j; the p-adic completion of the ring in the variables 
V and W = modulo the relation pV = ^. 
Corollary 3.45. We have 

AS''^(i?)/MSg '^(^) = E+M {5o, 5i, . . . , po. Pi, . . SI, - 1, fOmen 

and similarly for A^^'^^^ instead of A'^l'^''^ (R) and E^^ ^_ instead o/E+. On the other hand, 

the polynomial ring in the variables 6 and p where 6 corresponds to the class of | and p corre- 
sponds to the class of One has the same description for A^g"^ instead of AJ^g^'^(_R) and 
Er instead of E. 

Define Af^g ^ as the p-adic completion of the logarithmic DP envelope of W(E^^ ^_)®w(k)R 

with respect to the natural morphism to R induced by 0. Let Agg"^ be the p-adic com- 
pletion of the (W(E^^ ^_)(g)w(fe)-R)^°^-subalgebra of (W(E^^ ^_)(g)w(fe)-R)^°^[p~"^] generated by 
p~^Kerf0~ ). As in [225] one proves: 
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Lemma 3.46. The natural maps 

^logZ {{V2 - ■ ■ ■ ,Va - l,Wi - 1, . . . ,Wb - 1)} > A^^l^ 

and 

Amax,V [ ^2-1 - 1 Wi - 1 Wb - l \ ^nax 

{ P p p P ) 

are isomorphisms. 
Corollary 3.47. We have 



Kf{R) h' ^i' Ko. Kl, ■■■ , ij,0, kl]i=2,...,a,j=l,...,b 



and similarly for A^^'^^,^ instead o/A5^^g(_R). We also have 

KTiR)/pKTiR) = Kr''iR)/pKT'^(R)[h^^^j^^^^^^^^ 

and similarly for A™|^ instead of A'^^^i^R) . 

Write A for A™^(^) or A^^^'iR). Write Aoo for A'(^l^ or A^^"^^. We deduce from ESI the 
following: 

Proposition 3.48. For every i > 1 and every n G N the group W {Hf(, A/p'^A) is annihilated 

by the ideal I. The morphism Aoo/p"Aoo — > (A/j9"A)^^ has kernel and cokernel annihilated by 
X. 

Proof. Since A is p-torsion free, proceeding by induction on n it suffices to show the claim for 
n = 1. It follows from [335] and 1323 that A^'^^/pA^'J^ (resp. AS^|^/pA{JJ|^) is a free E+/(^p)- 

module (resp. E+/(^)-module) with a basis fixed by the action of Hji. Since E+/(,^p) = R/pR 
and E+/(0 = R/pR, the statement follows from [3331 □ 



3.5.2 De-perfectization 

Recall that we have introduced in 13.121 subrings A~ of W(E^) isomorphic to the (p, Z)-adic 
completion of R. We have 

=a{[Xi]^,...,[X,]^,[Fi]^,...,[F5]^}/([Xi]^---[x,]^-z^), 

where 0„ := W[Z^] for every n G N. Since W(Ej_) is a W(/c)-algebra, we can make it into 
an C„-algebra by sending to In] . Set A~'^'^° to be the image of 

A±^go„W(E+_) ^W(E+), 
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where the completion is taken with respect to the ideal {p, Z). Identifying A~ with Rn we let 



R^" to be the quotient of -Rn®c»„W(Ej_) isomorphic to A-'^''". For every m e N set 



i=0 



The action of the group r^(o) = ®t=2^pli © ©j=iZp5j on W(E+), for R = stabilizes At; 
for every n. More explicitly, it acts trivially on W(E^_) and it acts by 



eo 
(0) 



1 



[e]-^[Xi]"'- iih = l 
[Xh] ^ \/2<h<a,hy^i 



and 7i ( [^j] ) = [^j] fo^' every j = 1, . . . , 6. Similarly, for every ? = j, . . . , 6 we let Sj act via 
5j ( [Xi] = [Xi] for every z = 1, . . . , a and 



[Yh]^ Wh = l,...,b,hj^j. 



Lemma 3.49. (1) The ring A~'^™ is a direct factor of At ^o^W CE'^_) . They are equal for 
R = R('>1 

(2) The maps At '^^7 (p, P^{Z)) ^ E±/ (P^(Z)) and A„ (^„) ^ W™ (E±) / (p™, EfJ^^ [e] 
/or m G N are injective. Moreover, Lp^ induces an isomorphism A~'^°°/ (p™, P7r(^)) — ^ 

(3) The subring A~'^°° o/ W(Ei) stable under the action of the group Tr for every n. 
Moreover, for n = 1 the induced action of F/j on A^ (i?) is trivial. 

(4) The ring and T ^-module A~'^'^°/ {p"', YTiZl [^] ^ is a direct factor in A^ (-R) ©^ (^^(o)^ 



Rn 

m— 1 ^ 



Proof. Without loss of generality in proving (1), (2) and the first part of (3) it suffices to consider 
the case Rn = R. 

(1) The argument is as in 13.42( 3). 

(2) Since the map A-'^*^" — )• W(Ei) modulo (p, Z) is the map B/pB R/pR, it is injective 
as proven above. Since {p, Z) is a regular sequence in A~'^*^° and W(Ei), also [p, Pt,{Z)) is a 
regular sequence. Note that P-n{Z) and q' = Y^iZli^]'^ generate the same ideal in W(E0_) by 
13.101 so that also {p,q') is a regular sequence. We conclude that the map — W(Ei) is 
injective modulo (p*", g'). Frobenius to the m-th power defines an isomorphism Wm(E+) / (g') = 
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W„(E+)/ {^""{q')) and an isomorphism AJ'^'V (p"^, g') ^ (^-^'j / (p", (?'))• The 
second claim follows. 

(3. a) Recall from 13.71 that there exists a unique chain of C-algebras 

A+ r A+ r r A+ — A + 

^ ^ ^ ~ ^fl 

lifting C C ■ ■ ■ C = R modulo P^(Z). Since the subgroup Tr C f ^(o) stabilizes 
A~joj and acts trivially on the chain C R^^^ C ■ ■ • C i?*^""-* = -R, one proves by induction on 
i that it stabilizes A-^.^ for every i by uniqueness. Hence, it stabihzes A~. 

(3.b) We prove the second part of claim (3) by induction on i in R^'\ Since A+„j is the 
{Z,p)-adic completion of C[P'], then Am{R^'^^) satisfies 

Since [e]^™ — 1 = ^^{q'){[B]^"^ ^ — l) , it follows from the definition of the action of Tr(o) that the 
latter acts trivially on Am{R^°^)- Assume that r^{») acts trivially on Am{R^^^)- By construction 
and the argument in (3. a) we have that Am{R^''~^^^) is obtained from Am{R^^^) taking a localiza- 
tion, the completion with respect to an ideal or an etale extension. In the first two cases r^(i+i) 
acts trivially on Am(-R^*''"^'*). In the last case we remark that TR(i+i), acting on Am{R^^'^^^) , acts 
trivially on Am{R^^^) by assumption. Moreover, the action on Ai^-^^^/ {p, Z) = R^^'^^^ / (tt) is triv- 
ial and, hence, it is trivial on Am{R^^~^^'') /{p, Z). Since Am{R^^~^^'') is (p, Z)-adically complete 
and separated, we conclude that T/jii+i) acts trivially on Am{R^^~^^^) as well. This concludes the 
proof of (3). 

(4) Consider the map 

Due to (1) and (2) it suffices to prove that A~ is a direct factor of 09™fA~) (g) / . \ At,„s. 

(i?(0)) 

(3. a) it suffices to show this for Rn = Rn^ and this is clear. □ 



Due to | 3.11 | it suffices to show that Rn is isomorphic to ip"^[R) ( f^,o)\ R^\ Ar gumg as m 



Define At'S"° and At'^"° as in ESHl using At'*^"° instead of R. Define A^'^(Rn) as the p- 

/ ^NlogDP 

adic completion of the logarithmic divided power envelope ( A~ ®w{k)R) ■ Let A'^^'^i^Rn) 
be the p-adic completion of the (A- (8)w{fc)-R)'°^-subalgebra of (A~ Cg)w{fc)-R)'°^ generated 
by p^^Ker (0~ j^^) . Similarly, define Af^°'™^(i?„) and Af^"'""^^ (^Rn) using A~'^*^°(8)w{a:)-R instead. 
Recall that we also have rings Pf^^^g'™^ and Rf^"""^^^ defined before 13.391 Then, 
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Lemma 3.50. We have isomorphisms of Q^-modules 

oris -^,V2-l,...,Va-l,Wi-l,...,Wt-l)}^ A"^^ (A„) 

and 



-Rn,max 



M— lf2 — 1 Va — I Wi — 1 Wb — I 



P P p 

and similarly for the geometric counterparts 



5 ) • • • ) 

P P 



A max ( ID \ 



A^rd {{u-l,V2-l,...,V^-l,W,-l,...,Wb-l)}^ (Rn) 



and 



-R,i,max 



U — 1 V2 — 1 Va — I Wi — 1 Wb — I 



P p 

For n = 0, the natural morphsims 



p 



p 



p 



* gco,max ( ID \ 



Rcris{{u - 1,V2 - 1, ... ,Va - l,Wi - 1, ... ,Wb - I)} > Ag' 



and 



-Rn 



M— lt>2 — 1 Va — I Wi — 1 

5 • • • ) 



P P 



P 



P 



Wb-1 

p 



are isomorphisms and similarly for the geometric counterparts 

jgeo 

hog 

f 2 — 1 Va — I Wi — 1 Wb — 1 



Bf!r''{{v2 -l,...,va-l,w,-l,...,wb-l)}-^ Af:;'--{R) 



and 



pgeo,cns 
-"log 



, . . . , 

p p 



, . . . , 

p p 



\ geo,max 
^log 



{R). 



Proof. The first claims are proven as in 13.231 and in 13.251 

For n = we certainly have natural maps as stated. To prove that they are isomorphisms 
we remark that the images of Rf^° and of A~'^*^° in R via ©^log coincide with ROj^ by 13.42( 1) 
and 13.49( 1). Thus, the given maps define isomorphisms on the graded rings and, hence, are 
isomorphisms. 

□ 

Set A^(C) := W(E+J/ (p™, ^f^J [e] . For every m and n G N define 



1 



a,,...,aa,f3,,...,(3b)e ^W^' n [0, p"^)'^+Vi ■ ■ ■ a, = 



m\a+b I 



i.e., at least one of the a^'s is 0. Set Em ■= Un-En,m- For (a, /?) = (ai, . . . , aa, . . . , f3b) G E„ 
write 

a b 



2=1 



Define 



X 



n,m . vP( 



99 



They are endowed with an action of r^(o) where the action on Am{0) is trivial and the action 
on [X]~[y]- has been described above. For h and i G {l,...,a} with i h, consider the 
r^{o)-submodules 

and for i G {a + 1, . . . , a + 6} set 

In particular we have X„_„ = ®h&{i,...,a},ie{i,...,d},iy^h'X.n,m ■ 

Lemma 3.51. For every m G N, every 1 < i,h < a with h ^ i and every I < j < b the kernel 
and the cokernel of the following maps are annihilated by [e] — 1: 

1) on X'h,m for i > 1; 

2) -fh-'^ on x!h,m; 

3) 6,-1 on XS;;?+^). 

Proof Notice that (7. - l) [X]-[F]^ = ([e]--"^ - 1) [X]-[F]^ and (5,- - 1) [X]-[F]^ = {[e]^^ - 

1) f-'^]"!^"- The assumption (1) (resp. (2), resp. (3)) amounts to require that Oj— ai (resp. —ah, 
Pj) are rational numbers of the form c := ^ for some r and s G Z with r and s coprime and 
s > 1. If s is not a power of p, then [eY is a primitive s-th root of unity in W(E0_) / (p, [vf]) = 
O^/ttOj^. Since Cs — 1 is a unit in Fp, we conclude that [eY — 1 is a unit. In this case 7i — 1 
(resp. 'jh — 1, resp. Sj — 1) is a bijection on A^iO) 

If on the other hand s is a power of p it follows from |ABt lemme 12] that [eY — 1 divides 
[e]p — 1. In particular, the cokernel and the kernel of 7^ — 1 (resp. 7/1 — 1, resp. 6j — 1) on 
Am{0) is annihilated by [eY ~ 1 ^-nd, hence, by [e:]^ — 1 as well. □ 

Let us recall that we denoted by AcrisiOx) and AmaxiOx) the classical period rings. 
Lemma 3.52. For every i G {1, . . . , a} and N eN, we have 

N-l 

(7. - l){{v, - 1)1^1) G (1 - [efp) J2 AUOK){vi - 1)["] 

m=0 

and 



^ ^ m=0 ^ 



Similarly, for every j G {1, . . . , 6} and N eN, we have 



and 



N-l 

(5, - l)(^f ) G (1 - [efp) ^ AUOkKw, - 1)H 

m=0 



^ ^ / m=0 ^ 
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Proof. We prove the first statement. The second one is similar. We show how to deal with Vi 

and 7j, the computations for Wj and Sj are the same. For every i = I, . . . , a recall that Vi := '-•-'^ 

so that 7i(fi) = Vi + [[e] — l)vi. In particular, 7j(t>j — 1) = (t>j — 1) + ([e] — l)t>j. Recall that 

[e] — 1 = ([ejp — 1)A for A G W(E^) mapping to zero via 6; cf. jFot 5.1.1]. Thus, for every 
iV G N, we have 



j,{(v, - 1)^) = {(v, - 1) + {[s] - l)v,) 



[N] 



N 



m=0 

N 



m=l 



Similarly 



m=l ^ ^ 



□ 



In particular, it follows that the rings A.^ {(u — 1, t>2 — 1, . . . , fa — 1, tfi — 1, . . . , — 1)} and 
A™ . . . , . . . , ^} are endowed with an action of f^. 

Note that x!h,m and X„ m are modules over 

A„(^(°)) = A^O) [[Xi] ^, . . . , [Xj ^, [Fi] ^, . . . , [F,] ^] /( [Xi] ^ ■ ■ ■ [Xa] ^ - Z^) , 

where the equality follows from l3.49T l). Let Xn^m(_R) := xl^m (8)^^(^(o))Am(_R) (resp. X„ „i(i?) := 
X„,m ®A„(fi(o)) Am(-R))- The next proposition will allow us to reduce the computation of the 

Galois cohomology of Aj^^^^ to the cohomology of Af^°''^'^"' (i?) and the cohomology of another 
module that will be computed in 13.541 

Proposition 3.53. For every m the Am{R) -module A^^^^^f ^p™, Yl'^^Zo [^Y^ ^ is a direct 
mand, as Tji-module, of 



sum- 



p-i 



Kr'^iR)/ j {(« - 1,^2 - 1, . . . - 1,^1 - 1, . . . - 1)} . 

Similarly, A[^|^/ ^P™", Xl^^o [^]*^ ^ is a direct summand of 

\ J I p p p p p } 
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Proof. First of all we claim that for every n and m G N the natural maps Af^°''^'^''^ (-Rn) — > ^Sg oo 
and Afj^g'™^"" (_R„) — > A™g^ are injective modulo and induce an isomorphism onto passing to 
the direct limit lim . Since in both rings p is not a zero divisor, it suffices to prove the claim for 

ra— )-cxD 

m = 1. Due to 13.471 and 13.501 it suffices to show that the maps A~'^^°. {{u — 1)} — > ^lo^Z 
^+,geo I Hill j — y AI^^^ are injective modulo p and induce an isomorphism onto passing to the 
direct limit lim . Due to l3.45l it suffices to show that A~'^^°/ (p, Et „_/ (p) is injective and 

induces an isomorphism onto passing to the direct limit over all n E N. The injectivity follows 
from 13.491^ 2). The image in E^^0_/(p) = R^oO^lij)) is the image of R^oO^ by construction. 
Due to 13. m the union of such images over all n G N is the whole RooOj^/(p). 

We are then left to prove that for every m and n eN the quotient of Af^°''^"'' modulo 

(^p"^ ,Yl^Zo[^Y^ j is, as F/j-modules, a direct summand in 

Af:°'"^^ (R) /{P""'^^ H j ® X".- {R){{u-l,V2-l,...,Va-l,W,-l,...,W,-l)} 



and similarly for Af^"'""^" . Due to[330]it suffices to show that AJ*^""/ (^p™, ^^jj [e] j is 
a direct summand of A~'^'^°/ ^p™, X]r=o H*^ ) ®'^n,m{R) ■ Thanks to 13.49( 4) we may replace 
Rn with Rl^^ and R with The claim follows then from [339^1). □ 
Corollary 3.54. For every z G N anc? every m and n G N t/ie cohomology groups 

(^f/j,X„,^(_R) {(m - l,f2 - 1, . . .,Ua - - 1, . . . ,Wb - 1)}) 

and ff (fH,X„,^|^,^,...,^,HL^,...,^}) are anmMafed 6?/ ([^j^ - 1)'. T/^e 
same holds if we take the direct limit over all n eN. 

Proof. We prove the first statement. The second one is similar and left to the reader. Using the 
direct sum decomposition X„ ,„ = (Bh&{i,...,a},i(^{i,...,d},ijth^ii,m it suffices to prove the statement 
for xi^m instead of X„^m. Apply the Hochschild-Serre spectral sequence associated to the exact 
sequence of groups: ^ ^ 

^ ^ Tn/Z-fh ^ 

for 2 < i < a (resp. — ?■ X6j — ?■ F/j — )■ Tji/X6j — > for a+1 < h < d with j = h — a) with coeffi- 
cients in X^'^^ {(n — 1, t>2 — 1, . . . , fa — 1, ifi — 1, . . . , — 1)}. The cohomology of (resp. 
is zero in degrees > 2 and is computed as the kernel of 7j — 1 (resp. Sj — 1) in degree and as the 
cokernel of 7i — 1 (resp. Sj — l) in degree 1. It follows from 13 . 5 T\ and 1X52] arguing as in |AB^ Lemme 

15] that kernel and cokernel of 7^ — 1 on xi'm {{u — 1,V2 — 1, ... ,Va — l,wi — 1, ... ,Wb — I)} ior 

1 

2 < i < a and of Sj — 1 for 1 < j < b are annihilated by [e'j^ — 1. The result follows. □ 

We also have the following analogue on graded rings. In §3.1.11 we have proven that the 
i?-subalgebra of Roo, generated by the elements XaYjj := ni'=2"^i*' 115=1^'^'' ^"^^ ^^^^ ^^^S" 
ative rational numbers a^, Pj, is free as i?-module and it has the property that 7r"i?oo C R'^. 
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Write X := where X'^*) is the i^Oj^-submodule of RooOj^ generated by XaYf^ with 

a2,...,aj-i G N, ftj ^ N if 1 < z < a and with ^2, • • • , Oa, • • • , A-a-i G ^,Pi-a ^ N if 
i E {a + 1, . . . ,a + b}. We have 

Corollary 3.55. For every z G N the cohomology groups 

are annihilated by (e^ — l)^- The morphism 

(ri?, ©„eN^+i^Ke'"°l(« - 1)'"^'(^2 - 1)'"^' ■ ■ ■ (t^a - ■ ■ • - ^ {Gr, Gr-ASj) 

/ias kernel and cokernel annihilated by m-pix°'{ep — l)^ for every z G N. 

Proof. The first statement follows as in 13.541 

For the second statement note that multiplication by tt" on RooO^ factors via ROj^ © X 
thanks to the results of §3.1.11 and 13.411 We conclude using I3.43( iii) and the Hochschild-Serre 
spectral sequence for the subgroup Hji C Gr. 

□ 

3.5.3 The cohomology of Af4°''="^(^) and of Af4°'"'""(^) 

In view of 13.541 and l3.53[ to conclude the proof of Claims [3.39( i)fc(ii) we are left to show that 

Proposition 3.56. (1) For every i andn,m G N the groups H* (J'r, Af^°'™''(-R) /p™A^^°'™^(i?) j 

vanish if i > d + I, are annihilated by [[e] — l)"^ for i > 1 and contains -Rf^g'^/p^-Rf^g'™*^ for 
i = with cokernel annihilated by (^[e] — l)'*. The map 



^geo,max _^ ^0 r, Af^^/'^^^ {R 



is injective with cokernel annihilated by {[e] — l) 
(2) For every i the group 



d 



■n-d\ 



vanishes if i > d + 1, is annihilated by n^^tp — 1^ for i > 1 and contains (-RO;^) ©0_Gr* (Acns) 
for i = with cokernel annihilated by (cp — l)'^. 

Proof. We prove statement (1) for Af^" ''^'^''^ (i?) . The proof of statement (2) is similar and easier 
and is left to the reader. Define 

= l^ryp^'^r'ii^ -i,v,-i,..., v,^, - 1)} vi < ^ < a 

™ ■ <;'"7p"^^f:;'"" {(« - 1, - 1, . . . , - 1, t^^i - 1, . . . , ^.-a - 1)} va + 1 < z < &. 



103 



Note that 



-fi{vi - 1) = {[e] - l)vi + {vi - 1), 6j{wj - 1) = {[e] - l)wj + {wj - 1) 



and hence 



J2{[e] - iy%i{v. - 1) 



[m-j] 



m 



i=2 



with (3j 

y. 

(1, {V^ 



{le]-l) 



b] 



G Ker(6') of AcnsiOx) by \AB\ Lemme 17]. Then, % — ! defines a i^'m'*-hnear 

l,(i;,-l)[2l,...,(^,-l)[^]) and 



homorphism on Km {vi — 1) whose matrix with respect to (f, 
{Vi - l)[^-il) is given by {[e] - 1)gJV with 



( Vi I32vf 
Vi 



G. 



(N) 



N-l , 



Vo 



.N-2 



/3. 



N-2 



N-l 



vf(32 



Vi 





.N-l 
-2 



.N-2 



N-2 



vfP2 



I 



Since Vi is invertible, it follows that G^^^jy invertible matrix. This implies that the cokernel 

of 7i — 1 on Km {vi — 1) is annihilated by [e] — 1 and that the kernel coincides with Km up to a 
direct summand which is also annihilated by [e] — 1. 

A similar argument shows that {6j — 1) defines a i^'m"'"-'^ -linear homorphism on Km'^'''' {wj — 1) 
whose matrix with respect to [wj — l, {wj — iy^\ . . . , (wj — lY^^) and (l, (wj — l), . . . , (wj — iy^^^^) 
is given by ([e] — l) times an invertible matrix. This implies that also in this case the cokernel of 

7j — 1 on Km'^°^ {wj — 1) is annihilated by [e] — 1 and that the kernel coincides with Km'^"'^ up to 
a direct summand killed by [e] — 1. The conclusion follows proceeding by descending induction 
on2<h<d. 

Note that K^\wb - 1) = Af„"°'"'' (i?) /p'" Af^""'"^' (i?) due to^M The cohomology with 
respect to Z6b is zero in degrees > 2, is annihilated by [e] — 1 in degree 1 and is Km^ = 
Km ^\wb-i — 1) up to a direct summand annihilated by — 1. Applying the Hochschild-Serre 
spectral sequence associated to the subgroup Z6b C Tji, we conclude that, up to {[e] — l)-torsion, 
the cohomology groups of the proposition coincide with the cohomology of Km~^\wb-i — 1) 
with respect to Tn/ZSb- For general h < d one assumes that, up to {[e] — l)'^~^+"'^-torsion, the 
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cohomology groups of the proposition coincide with the cohomology of Km^ with respect to 
the groups Th = ®'j=h-a^^j'^ R if /i > a + 1 and T,, = ©"=/jZ7i ©^^^ Z6j if h < a. Applying 
the Hochschild-Serre spectral sequence associated to the subgroup Z6h C F/j if /i > a + 1 and 
C T h ii h < a, one concludes that, up to {[e] — l)'^~'*+^-torsion, the cohomology groups of 
the proposition coincide with the cohomology of Km'^^ with respect to the group T^^i. 
The statement concerning H° ( Fij, AfQ°'™'"(i?) j follows as before, using that 



(7. - 1) 



_ {{[e]-l)v, + {v,-l))^ {v,-iy 



pTn J pTn pm 



mvi ^ h > \ ■ \ Vj- 

P pm-l jL^ \ J J P 



and similarly 

- 1) f - ^ (M - 1) - 1)"- ^ ^ (,nx (M-i)M^.-ir\ 

□ 

We remark that the same strategy to prove the vanishing of H* (^r, Af^°''^'^^ (^Rj / (p™) j , for 
1 < i < d, fails due to the presence of binomial coefficients. For example, coming back to the 
proof of l3.56[ the matrix of (7i — 1) with respect to the bases (fj — 1, (f j — . . . , (f , — 
and (1, (fj — . . . , (fj — 1)^^^ /p'^~^) is upper triangular with the elements (fj, 2t>j, . . . , Nvi) 
on the diagonal. 

3.5.4 The cohomology of the filtration of Bj^^g (i?) 

In order to conclude the proof of I3.39( iii). we are left to show the vanishing of 

(G«,FirBf„f (^)) = Jim ff (G'^,t-^Fir+^AS^^(^)) 

for i > 1. The strategy is the same as in |ABt §5]. Due to l3.39( i) and the fact that GrAf^g (i?) is 
annihilated by t, we know that H* (^Gr, FiFAj^^g (i?) j is annihilated by a power of t depending 

only on i and r. In particular, the composite map H* (^Gr, FiFAj^^g (i?) j — > H* (^Gr, f^FiFAj^^g (i?) 

is zero. One proves as in |ABl Lemme 33] that H* (^Gr, FiFBJ^^g (i?) j is a Qp-vector space. One is 

reduced to prove that the kernel of the map W (Gr, t-^FiF+^Af„^^^(^)) ^ (Gr, t-^FiFAj=„^^'^(^) 

is p-torsion; compare with the proof of |ABl Prop. 34]. Arguing by induction on we may as- 
sume that A^ = 1 and we are reduced to prove the following: 
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Lemma 3.57. The cokernel of E'-^ (^GR,FiVAZ^{R)^ ff-i (g r, Gi'' A^^^ {R)j is p-torsion 
for every i>l and every r G N. 

Proof. Thanks to 13.551 the Gij-cohomology of Gr^Aj^^g (i?) is the Fij-cohomology of the RO-/^- 
module := ®Y.n^=rR^K{.^p - - 1)["^1(^2 - I)'"'' ■■■{va- ■■■{wb- up 

to p-torsion. On the other hand, define the i?s'^°-submodule of FiFAj^^g (i?) spanned by 
^["■o] }Qg(^y~)[ni] lQg(^^2)["~^] ■■■ log(f a) log(tfb)["'*l foi = T. Aiguing as in |ABl Lemme 

36] one shows that it is F/j-stable, it maps surjectively onto Mr and the induced map on F^- 
cohomology is surjective. This concludes the proof. □ 

3.5.5 The cohomology of B^^g (i?) 

We are left to prove l33W iii'). Let A\o^ be the image of A\o^ in -Biog- Set 
Then, 

Mog, 



'■5 

(i) K^'^iR) = Al,,iR)^A^^,A, 

— ens \/ — ens 

(ii) Ai„g ' (R) {{v2-l,. . . ,Va-l,wi-l,. . .,Wb- 1)} — > Ai„g (i?) is an isomorphism. 

(iii) i?fog° := -Rfog'''"'®Aiog^iog is the image of R^OK^iog in ^iog{R)- 



The first statement follows as A[^g' (R) = A^-g(i?)®^^^.^Aiog by 13.231 The second state- 
ment is a consequence of 13.251 The third statement follows from [3^42^ 4). One proves the 
analogues of 13.481 with A = A^l^^lR) and A^q the image of Af^g*^^ ®^iog ^log i^i -KlgiR)- 
defines Aj^g resp. A^^, resp. Af^°'"'\R) as the image of A^^'^{Rn) O^i^g Aog in A^or(^)' 

resp. A~ . {{u — 1)} i^Ai^ ^log, resp. Af°°'™^(i?) ®Aio Aog; see 13.501 for the notation. Due to 

-Li.fi .ens o ^ ' 

loc. cit., one gets isomorphisms 

^Rn "l(^2 - I, . . . ,Va - l,Wi - 1, . . . ,Wb - I)} = AZg{Rn) 

and ^ 

Define A^ as the image of A„ {(m - 1)} ®Aiog ^log in A^^g (^)/ (^p™, [^Y^ ) ^".m ■ = 

®{aS&E„,jAm{X]-\Y]-. One shows that the analogues of 13331 l334l 13361 1) and g3321hold 
proving 13. 39( iii'). 

3.5.6 The arithmetic invariants 

It follows from [339] that (Bf^^)''^ = <g°'"'^[t-i] and {B'Z.f'' = ^f^"'"^"^ [t-^] . 
Lemma 3.58. We have RZif = ( Rf^y''")^" and R^.. = ( Rf'^j'^'''')^'' 



J ujiuuj -itmax — 4og J 
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Proof. Let Acris{0) (resp. v4cris,oo(C^)) be the p-adic completion of the DP envelope of W(EJ_) i 
O (resp. of W(EJ ^ ) ®w(fc) O) with respect to the morphism 6 to Oj^. Let Aj^i^^{0) be the 

p-adic completion of the W(E(Jj_) (S)w(fc) C-subalgebra of W(EJ_) ®w{fc) C^b~^] generated by 
p^^Ker(6'); using the notations of §2.1.11 we have inclusions Acris C A^^ax C Aiog. Analogously, 
define A^^^^^dO) using W(E+ , ) instead of W(E+_). By [339] the ring ^f<l°'^"' is a direct 

factor of moAcrisiO) {{u - 1)} and ^f^"''"^'' is a direct factor of _R§oAmax(C) {^}, where § 
is the p-adically completed tensor product. 

Let H be the Galois group of K'^ C K. Since every finite field extension of K'^ is almost 
etale, arguing as in 13.481 one proves that the invariants of -Rfog'""^ (resp. of i?fj°'""^) with respect 
to H are contained in R®oAcTis,oo{0) (resp. in R®oAmax,oo{0)). 

Recall that W(Ej ^ ) contains a subring A+ = W(/c) [[[vf]]] isomorphic to O, where the 

isomorphism is defined by sending Z to [vf]. Moreover, ^ ) is the [vf] -completion of 

UmGNA^ [[vf]?^] ; cf. 13.111 In particular, we may write W(E+ , ) direct sum A+ © X 

where X is the [p, [7f])-adic completion of Ylma-^^ ' where the sum is taken over all 

integers m > 1 and 1 < a < p^. Note that the p-adic completion Aj"|^g"'' of the DP envelope 
of A+ ©w(fc) O with respect to Ker(6') is isomorphic to O {{u — 1, Pt,{Z))}. Similarly the p-adic 



completion A.'^^^^^ of the (A+ ©w(fc) C) '°^-subalgebra of (A+ ©w(fc) ^] generated by 

p^^Ker(^) is isomorphic to O |~"5 ^^^^|- particular, 

Acns.oo(0) = A+;;"^ © X A+f ^^ A^ax,oo(0) = A+.g'"^^ © X ©a+ KoP^ ■ 

Let 7 G Gk be an element such that 7([7f]) = \^]^]] it is a topological generator of the coset 
Gk/Hr- As in l3.51l one proves that the kernel of 7 — 1 on i?®oW(E0_) intersected with R'^o'X. 

is annihilated by \e\ ^ — \. As in 13.541 one deduces that the kernel of 7 — 1 on R®oAcns{0) 
intersected with R®o^®a+ Aj^g™ (resp. on R®oA-aia.x{0) intersected with i?©c)X©A+ A^g™'^'') 

is annihilated by ([e] — l) . In particular, it is zero since R®oAcris{0) (resp. R®oAuia.x{0)) is 
{[e\ — l)-torsion free. We conclude that the invariants we want to compute are the elements of 

R{{u — 1, P^(Z))} (resp. R |^^, -^-^^^j) which are invariant under 7 — 1 acting on i?©c)y4iog(0) 

(resp. on R®oAmax{0)). Arguing as in 13.561 we conclude that such invariants coincide with 

R{{PdZ))} (resp. ^|^^}) as wanted. □ 

Remark 3.59. Let A be a ring which is p-adically complete and has no p-torsion. Assume that 
it is endowed with an operator ip lifting Frobenius modulo p. Let x G A be such that a; — 1 is 

a regular element and ^p{x) = x^. Write A^ns '■= A{{x — 1)} (resp. Amax := A |^^|) ^^e 
p-adic completion of the DP envelope of A with respect to x — 1 (resp. of the subring A[{x — l)/p] 
of Note that Frobenius extends to A^^is and Amax- 

For every m G N we have [x — l)'*"^ ~ ^.ip " l)™P~™- In particular, we have a morphism 
^cris — > ^max- Siucc Lp{x — 1) = x^ — 1 = {x — lY+py, then (f(^{x — l)p~^) = (p — l)!(x — l)[*'l +?/ 
so that (f on Acris factors via a morphism Acns — > 



^max- 
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It follows from 13.591 and from 13.231 and 13.251 that we have ring homomorphisms 

-peris/ Tj\ , T^max/ p\ peris . p 

^logK-'^) ^ -■^log {-'^J^ ^log ^ -"-max- 

Furthermore, as shown in 13.591 Frobenius on Bj™|^(i?) factors via BJ^^^ (i?) inducing a ring homo- 
morphism -Rmaxb^^] — >■ -Reris[p^^]- In particular, it suffices to prove for BJJ^g (i?). Define 

Using [3758] and since ip is Galois equi variant, to prove [330] we are reduced to show that for every 
r G N we have 

((^ris(r))^") C ^^cris. 

This is proven in |T2[ Prop. 4.11.2]. We sketch the argument. 

Take x G A5^™(i?) such that xt~^ is Galois invariant. Then, Lp'^[xt~^^ is also Galois invariant. 

Its image in Bjj^(i?) is then also invariant under Qr and those invariants coincide with -R[p^^] 
by [318] In particular, (/?'"(a;t-^) G B+p (^). Since = p'^'^r, this implies that G 

t''B^j^(^) for every m G N. 

Using [325] write x as E^eN^+f /^^(^i " 1)^'''^ ■■■{va- l)^''^\wi - l)['^"+il ■■■{wt,- l)[''"+''l with 
V = (z/i, . . . , Va+b) and G kl,,{R). Write (^'"(x) = Y.um'^+^£'-.A'"i " 1)^"^' ■■■{va- it^K^i - 
l)K+i] ...{wb- l)K+d. Since (/?'"(X - 1) = ((X - 1) + l)^"" - 1 = p"'(X - 1)+ higher order 
terms in (X — 1) for X = t>i, . . . , fa, wi, . . . Wh-, one argues that (3m,v = p™^* '^^'f"^{/3u)+ a Z-linear 
combination of the for u' such that u'^ < z/, for every 1 < i < a + b and there exists i 

such that < z/j. Since B^j^(_R) = B^^'^ (i?) \[vi — 1, . . . , fa — 1, wi — 1, . . . , w;, — l]] by 13. 151 one 
concludes by induction that (f"^{Pu) G f'B^^ [R] for every u G N''+^ 

Let /MA[J'^(i?) be the subset of elements y such that ip"'{y) G FifB+jf (R) for every m G N. 
Then, G /MA5'^(i?) for every z/. We are left to prove that ip' {l^'^ A^'J^'^ (R)) C rAl^^'^{R) 
with s = 1 if p > 3 and s = 2 if p = 2. This follows from |T2[ Lemma 4.11.4] or |T1[ Prop. 
A.3.20]. 

3.6 The functors DJj^g and Dj^g^. Semistable representations. 

Let be a finite dimensional Qp- vector space endowed with a continuous action of Qr. Due 
to [32Q] there exists s G N such that ip' (B^°ff''^ C ^eris[p~^] and ip' (b;;;^^'^^) C ^max[p~^]. 
Write 

D?oT(^) (V BS^^(^))'" ^eris[p-^]. 

^ ' cris 

It is a -Rcris ^module. The connection and Frobenius on Bf^'^fi?) induce a connection and a 
ftobenius HI s of V^«,. B^^R) and, hence, C bai change via ^ 

-Reris [p~^] ; an iutegrablc connection 



■ DSg (^) D--(y) ®. c^l^ 
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and a Frobenius 93 horizontal with respect to Vv,w{k)- The morphism 93^ on BJ^^^ (i?) induces a 
natural map 

We define a decreasing filtration Fil'Dj^Qg (V^) as the inverse image of \/®Q^Fil'Bf4^(i?). Since 
Frobenius on BJ^^g (i?) is horizontal with respect to the connection and the filtration on Bf^g (i?) 
satisfies Griffiths' transversality, also Fil'Df^g (V^) satisfies Griffiths' transversality. 
Similarly, let 

^ ^ log 

It is a i?max ^module endowed with an integrable connection Vv,wik) and a Frobenius (p. It 
is also endowed with an exhaustive decreasing filtration Fil"D™|^(V^), for n G Z, given by the 

inverse image of V FirBj^|^(i?) via the morphism 

induced by cp'^ on Bj^^"^ (i?) . 

It follows from 13.591 and from 13.231 and 13.251 that we have ring homomorphisms 

Bcris / jd\ , Tsmax ( jd\ jd > p 

log \''^) ^ log \-'^)^ -'''cris ^ -fl-max- 

In particular, we get a map 

fy:DZ^{V)^BZl''{V). 

It sends FiFDf^g (V) to FirD{JJg''(V^) and it is compatible with Frobenius and connections. Fur- 
thermore, as shown in I3.59[ Frobenius on Bj^|^ (i?) factors via Bf^g (i?) inducing a ring homo- 
morphism -Rmax[p^^] — > Rcris[p^^] - In particular, Frobenius on Df^5g(\/) factors as a morphism 

We then get the property that gv°fv and fv^Qv define Frobenius on Dj^^g (l^) (resp. on D™|''(1^)). 

Proposition 3.60. Let V he a finite dimensional Qp-vector space of dimension n endowed with 
a continuous action ofQ^. The following are equivalent: 

1) the map of B^^^^ (^Rj -modules 

(V Bf-(^))'" ®3c.s,., BZl'{R) V B-^(^) 

\ / log 

is an isomorphism; 

2) the map of B^^^^ (^R) -modules 

«cns,v^: B^::iV) Bf-(^) V BZ^{R) 

is an isomorphism; 



109 



3) the map B'^^^ [R) -modules 



V [R) ) ®B--^^« [R) V [R) 



log 



is an isomorphism; 

4 ) the map BJJJg^ (i?) -modules 

a^^^y. D— (V) B— (i?) ^ ^ B— (^) 

is an isomorphism. 

If one of these conditions holds then D^^^iy) is a projective and finitely generated Rcns [p~^] - 
module of rank n and the natural morphisms 



induced by fv, and 



and 



Qr 



Qr 



are all isomorphisms compatible with Frobenii and connections. Similarly the morphism 
induced by gy, is an isomorphism. 

Proof We write B„is for BZ^{R) and B^ax for B--(^). We also let D^is be B^^iV) and D^^ 

be D-f (l^). Eventually, we write E,,,, for (v BS^^(^))^'' and E^,, for (v B^f (^))^''. 
(1) =^ (2). We have 

Deris ®p . Bcris = E^ris ®^go -^cris ®p . -Bcj-jg = Ecns ^.^gp -B^ris = E^j-ig Bcris ®r . Bens- 



ens 



Since (1) holds the latter is isomorphic to V B^is ®Bcris Bcris — V ®Qp Bcris- This implies (2). 
One proves similarly that (3) =^ (4). 

(4) =^ (1). As Djnax := Emax ®rmax,ep -^max, wc concludc from IMU and (4) that D^ax is a 

B, 



projective -Rmax[p ^]-module of rank n i.e., it is a direct summand in a free -Rmaxb ^]-module. In 
particular, the ^/j-invariants of Dmax ® g _i, Bens are Dmax ® g „ii B^j.fg and its base change 

via B^^f^ ^ Bcris is D^ax Bmax ®B„,ax Bcris which is V (g)Q^ B^is by (4). This proves (1). 

We have also proved that if (4) holds then Dmax is a projective i?maxb^^]-module of rank n and 
Dmax®~^^^jp_ijB^jfg = Ecris- This implies that the map Dmax(V^)®i:j^^^-Rcris — > Dcris(^), induced 
by gv, is an isomorphism. Using the projectivity one proves similarly that Dmax ®5 B^ 



max 



110 



Emax and Deris ®Hcris ^cvis — -^cris Compatibly with Frobenius, filtrations and connections so that 
the last statements of the proposition hold. 

(2) =^ (3). Since by (2) we have that Deris ^r^^-^ Bmax is isomorphic to V Bmax-niodule, 
it follows from [3l3T] that D^is ®^ -Rmax is a projective -Rmax[p~^]-iiiodule of rank n and one 
argues that D^is ®^ . B^^^^^ is Emax and (3) holds. 

□ 

If one of the conditions of the proposition holds, we say that \^ is a semistable representation 
of Qr. For any such the restriction of the filtration on BJj^g (resp. B™g^) via the inclusion 
Dfog (^) C V BJ^^g (resp. DjJJ|''(y) C V B™!"") define an exhaustive decreasing filtration 
FirDS^^(\/), forn e Z (resp. FirD^^^{V)). 

Proposition 3.61. Assume that V is a semistable representation. Then, 

(1) Frobenius is horizontal with respect to the connections and it is Stale on D]^g^(V) and on 
Dfog (^) i-e., the maps 

® 1 : D--(V) ®| ^max ^ (V^), ^ ® 1 : ^ZTi^) ®| ^max ^ Df-(V) 

" ^max *^ ^cris ^ 

are isomorphisms. 

(2) The connection is integrable and topologically nilpotent on D^^^^{V) and it is integrable 
and convergent on Dj^g^(V^). 

(3) The representation V is de Rham and the natural morphisms 

^Zl'iV) R^] = B\:T{V) R\P] = DdR(\/) 

are isomorphisms as R[p~^]-modules with connections. 

(4) The filtrations Fil'Dj^^g (\^) and Fil*D™|''(\^) satisfy Griffiths' transversality with respect 

to the given connection. The morphisms DJ^^g (l^) — y D^^^{V) — > DdR(l^) are strict with 
respect to the filtrations and for every r G N we have isomorphisms 

Gr'D;=„^^^(V) ^ Gi'D'^^iV) ^ GfD^KiV). 
In particular, via the natural maps 

DZ^iV) ^ D--(y) ^ DdR(K) ^ DdR(K)/(Z - tt) = DdR(K) 

the filtration on DdR(V") is the R[p'^]-span of the image of the filtration on DZ^^{V) or on 
^k>g^(y)- Moreover FiVDi^^^iV) and Fil"D™|''(\^) are uniquely characterized, as filtrations, by 
the fact that their images span Fil"DdR(l^) and they satisfy Griffiths' transversality. 

Proof. (1) The horizontality of Frobenius follows from 13. 191 The assertions regarding the etalness 
of D5^^g(l^) follows from the one about D™|^(1^) and 13.601 We use the notation of the proof of 
loc. cit. We know that Emax ^'^e^. B^^^ is a projective B^^^ module and its base change via 

Bmlx Bmax IS V (S)Qp Bmax- In particular, Frobenius defines an isomorphism Emax®^e^ B^^ = 
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Emax thanks to I3.31[ Taking the base change via B^^^ -Rmax \p ^] we deduce the claimed 
etalness for D'^'^iV). 

(2) Let Ni be the derivation R defined by Xid/dXi for 1 < i < a and by Yjd/dYj for 
a + l<i<a + b with j = i — a. Since Df^^ (\/) is etale, it suffices to show that it is generated 

as i?cris[p^^] by a finite i^cris- module E stable under the connection and such that Nf{E) C pE 
for every 1 < i < a + b. It suffices to show that D := D[^|'^(y) is generated as -Rmax[p~^] by 
a finite i^max-niodule Do stable under the connection and such that Nf{Do) C pDo for every 
1 < i < a + b. Indeed, in this case E := Dq -Rcris — > ^xlgiy) is a finite i?cris-module with 

the required properties. 

We may assume that V is in fact a Zp-representation. Since D™|''(\^) is a projective and 

finitely generated i?max -module, it is a direct summand in a finite and free -Rmax[p~^]- 
module T. Let Tq be a free i?max-submodule of T such that Tq = T. Let G N be large 
enough so that the image of V in 

Df^r(^) ®~R^.. (^) C T B— (^) 

is contained in Tq ®^^^^ ^A;jJ|^(^). Then, 

It follows from gSXlthat : (^j,A'^f{R)^^'' — > B^l"" factors via ^^max- Write for the 
-Rmax-span of the image in Tq ^^-Rmaxj of the base change of D'q via ip'^ . It is stable 

under the connection and N^[Dq) C pD^ for every 1 < i < a + b since this holds for A™g^(i?). 
Since -Rmax is a noetherian ring and Dq is contained in Tq ®p ( ^-Rmax l, then Dq is a finite 
i?max- module. Consider Dq [p^^] . It is contained in D and after base changing via the extension 
^max[p"^] — > ^ToTi^) contains V so that it surjects onto L>®;|_^^^B{^|^(^) = V [R) . 
In particular, the inclusion Dq [p^^] C -D is surjective after base changing via -Rmax [p^^] — ^ 
B{j;|^(^). Due to|33I]this implies that Dq[p-^] = D. 

(3) We prove the claim for Y)\^^(y). The one for D{JiJg^(l^) follows similarly. The natural Qr- 
equivariant morphism Bj^^g (-R) — v BdR(-R) induces a morphism of -Rcris-modules Df^g (V) — )■ 

DdR(V). Write D := Df^^g (V) R[p~^]- It is a projective -R[]9^^]-module with a natural map 

a: D — > BdniV) of ^[p-i]-modules. Note that D BdR(^) = V ^ BdR(^). Thus, to 

R[p ] 

prove that a is an isomorphism it suffices to show that BdR(-R)^'^ = R[p^'^]. This is proven in 

EH 

(4) The morphisms for Bf^g (-R) C Bj™|''(-R) C BdR(-R) are strict with respect to the filtrations 

by 13.291 This implies that the morphisms D5^™(1^) — > Dj^g''(V^) — DdR(V^) are strict. Since 

the filtration on Bf^g (-R) and on Bj™g^(-R) satisfy Griffiths' transversality, the same holds for 
B^'^^iV) and DJJJ|^(V"). The rest of the claim follows from this, (3) andlMI □ 
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3.6.1 Localizations 



We assume that we are in the setting of §3.4.51 and, in particular, R = RqIZ] by 13.351 and 
B^^^{R) = B„is(i?o)ii?o^cris and B--(^) = B^,,(i?o)ii?o^max due to EM Here, B^.^Ro) 
and Binax(-Ro) are the period rings introduced in |Brit Def. 6.1.3]. Let be a representation 
ofGn. Define Dens(^) := {V B„,,{Ro)f'' and D^ax(V^) := {V B^,^{Ro)f\ They are 
projective i?o[p~^]"^odules endowed with Frobenius, an integrable connection and an exhaustive 
and decreasing filtrations satisfying Griffiths' transversality; see |Bri[ §8.3]. 

Proposition 3.62. Let V be a representation of Qr. Then, 

(i) V is a crystalline representation of Qr in the sense of \Bri\ %8.2] if and only if V is 
semistahle in the sense of \3. 6 (A ^ 

(a) if (i) holds, then the morphisms Dcris(V')®/j„i?cris -> D^g (^) Dmax(V')§ijo-Rmax -^ 
D™g^(\/) are isomorphisms of Rcns-modules (resp. Rj^g^x-modules), compatibly with Frobenius 
and connections and strictly compatible with the filtrations. 

Proof, (i) Due to |Bri[ Prop. 8.2.6] the morphism 

Q^cris,y • Deris 

is injective so that V is crystalline if and only if the image of acris,v contains V. We have 
compatible maps i? — )■ i?o and Bj^^g (i?) — )■ Bcris(-Ro) given by Z H- 0. This induces a section 
Dfog (^) — ^ Dcris(^) to the morphism given in (i). In particular, if V is semistable then V is in 
the image of B'(^^{V) (g) B^^^{R) V Beris(i?o) induced by Z 0. Thus, it is in the image 
of Ocrisy and V is crystalline. 

Viceversa, if V is crystalline then acris,y ®B<,ris(J?o) Bcris(-R) is an isomorphism, strictly com- 
patible with the filtrations. As Dcris(V^) is a projective i?o[p~^]-iiiodule by |Bri[ Prop. 8.3.1], 

taking the ^^-invariants we get that (V Bcris(-R))^^ — Deris (^) ®iJo Bcris(-R)^^5 compatibly 
with Frobenius and connections and strictly compatible with the filtrations. Moreover, condition 
13.60( 1) holds. In particular, V is semistable. As Dcris(V^) is an etale Ro[p~^]-module by |Bri 
Prop. 8.3.4] the map in (ii) is an isomorphism. 

□ 

We go back to the general ring R. Let T be the set of minimal prime ideals of R over the 
ideal (tt) of R. For any such V let T-p be the set of minimal prime ideals of R over the ideal V. 
For any P G T denote by R-p the p-adic completion of the localization of R at VCi R. It is a dvr. 
Let R{V) be the [p, Z)-adic completion of the localization of R at the inverse image of V and 
let R-pfi := R(V)/ZR(V). For Q G T-p let R{Q) be the normalization of R^p^ in an algebraic 
closure of Frac(i?Q) and let Gr^q be the Galois group of Rp^o C R{Q). If is a representation 
of Qr, we can consider it as a representation of Gr^q and form Dcris(^|G_B q) i^ [Bril §8.2]. 
Using we get injective maps 

D£g(^) n_ Dcns(V^|G.,a) ^Rr.o RiV). 
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Proposition 3.63. (1) Let V be a semistahle representation o/Qr. Then, V\gii q is a crystalline 
representation ofGji^Q and Deris (V^Igh q) — ^logi^) ®r ■ ^v,o compatibly with connections and 
Frobenius and strictly compatibly with the filtrations. 

(2) If V and V are semistable representations of then V V is a semistable repre- 
sentation of Qn and D[^g V) = I)^^'^{V) D[^g(K') compatibly with Frobenius and 
connections and strictly compatibly with the filtrations. 

(3) Let V be a semistable representation of Qr- Then, the Qp-dual is a semsistable repre- 
sentation anc? Dj^^g (y^) is the Rcris[p~^]-dualDi^^^{Vy ofD^^^^iV), compatibly with connections, 
and Frobenius and strictly compatibly with the filtrations. 

Proof. (1) Due to |Bril Prop. 8.2.6] the morphism 

«cris,y|G^g '■ DJ'og(^) '^Rv,o Bcris (-R-p,o) > ^Iga^q ®Qp Bcris (-Rp,o) 

is injective so that V^Ig^q is crystalline if and only if the image of acris,y|G^Q contains ^Igaq- 
Due to our assumption, V is contained in the image of acris,y- Since acris,y and acris,y|G^ g are 
compatible, we deduce that the image of acris,y|G^ g contains ^Ig^q as well. This proves that 
VlcfiQ is a crystalline representation of Gr^q. We certainly have a morphism /: D[^g(V^) ®^ 
Rvfi — > Deris (V^Iga q) • They are both projective i?-p,o -modules of rank equal to the 
dimension of V as Qp- vector space. After base change via -R-p^o[p^^] C Bcris (-Rp,o) the map / 
is an isomorphism. Since such extension is faithfully flat by |Brit 6.3.8] the morphism / is an 
isomorphism as claimed. 

(2) By assumption we have an isomorphism 

D?oT (^) D-(\/') B-(^) ^ V V B^{R). 

Since Df^g(l^) and D^^^^iV') are projective /2cris -modules, the base change of the Qr- 
invariants of the LHS via B^°fj^« — > ^cris[p~^] coincide with B^l^{V) ^ZgiV') due to 

I3.40[ It also coincides with Df^Jg (8>Qp by definition, compatibly with connections, filtra- 
tions and Frobenius. The claim follows. 

(3) By assumption we have an isomorphism 

^lo^iVy B£-(^) = HomQ^(l^,Q,) BZ-{R). 

Since D^^^^iVY is a projective i?cris[p~^] -module and thanks to 13.401 the base change of the 
^/{-invariants of the LHS via B|,°fg^^ — > i?cris [p^^] coincide with Dj^^g (V^)^. It also coincide with 
■Dfog (^^) compatibly with connections, filtrations and Frobenius. The claim follows. 

We are left to prove the isomorphisms DS^^(V)®;j^^.^D™«(y') ^ D^^'^^{V^V') and Df„^i^(V^)^ ^ 
-Dfog (^^) constructed in (2) and (3) are strictly compatible with the filtrations. It suffices to 
prove that they are injective on the associated graded modules. As the maps 

are injective and induce injective maps on Gr*, we may reduce to the smooth case. The claim 
is then the content of |Brit Prop. 8.4.3]. 

□ 
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3.6.2 Relation with isocrystals 



Assume that is a semistable representation. It follows from 131611 see the proof of (2), that 
there exists a coherent ^cris-submodule Diy) of I^ll'^iy) such that D{y)®x^% = B^l^{V) and 

(i) D{V) is stable under the connection Vy,w(fc) and the induced logarithmic connection 
Vd{v) is integrable and topologically nilpotent; 

(ii) due to 13. 6H choosing suitable integers m and n eN the map v^d(V') := P^y^ sends D(y) 
to D{V), the morphism foiv) is horizontal with respect to Vd{v) and multiplication by on 
D{V) factors via p^ip£,{yy 

We deduce from [K2i Thm. 6.2] that (/^(\^), Vy,w(fc)) defines a crystal V{V) of Cx^/o,,;.- 
modules on the site {^Xk/Ocn^"^^] see l2.4.5l for the notation. Moreover, the absolute Frobenius on 
Xk and the given Frobenius (po define a morphism of sites F: (Xfc/(9cris)|^Qg — > (-^fc/C'cris)||^g • 

Then, ^Pd{v) defines a morphism ip: F*[V{y)) — > T>{y) of crystals of Cxfc/Ocrir™°*i^l^s- 
to (ii) this is well defined up to multiplication by p. 

Given two charts on i?, inducing two choices of Frobenius and ip2 on i?, we get two 
Frobenii pi and (p2 on !){¥). Then, 

Corollary 3.64. Assume that V is a semistable representation. Then, the two Frobenii (fi and 
(p2 on the crystal 'D{V) differ by multiplication by a power of p. 

Proof. Choose in (ii) above h large enough so that it works both for (pi and for (f2- We then 
prove that (pi and ip2 on the crystal ViV) coincide. 

Let T be the set of minimal prime ideals of R over the ideal (vr) of R. For any such V let 
T-p be the set of minimal prime ideals of R over the ideal V. Using the injective maps 

it suffices to prove the claim for Dcris(^|Gj5 q) every V E T and Q G T-p. Since the log 
structure on R-p^ is trivial, our claim is the content of |Brit Prop. 7.2.3]. □ 

3.7 The functors D|,°|,'^'^° and D|^|^°°. Geometrically semistable repre- 
sentations. 

Let be a finite dimensional Qp-vector space endowed with a continuous action of the geometric 
Galois group Gr. Define 

Vr^V) := (V BZl'{R)Y" ' ^f"(^) ■= ^ToT{R)Y'' ■ 

They are i^f^'^g'^^'^'^-modules (resp. i?fjj''°'™'^''-modules) endowed with filtrations, connections Vy,w(fc) 
and Vy^Sj^g and semilinear Frobenius (fy. We have 

Proposition 3.65. The following are equivalent: 
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(1) Df^°'™^(y) is a finite and projective -Rf^g ''^"'^ [t ^~\-module and the map 

is an isomorphism; 

(2) Df^^'^^^(y ) is a finite and projective Rf^°'™^^[t~^'\ -module and the map 

Df;°'-^^(V^) ®^.eo,_ B— (^) -> V B-(^) 

is an isomorphism. 

Moreover, in this case Df^°''^'^"^(K) (8)sgco,cris Rf^"'^'^'^ = Df^^'^^^^iV) compatibly with filtrations, 

6 log " " 

connections and Frohenius. 

Proof. This is a consequence of the projectivity assumptions and the fact that B|,°fg'^-^ = -Rfo'^g'"'^ 
and BiSif « = ^f„^;'"" [t-i] proven in □ 

Definition 3.66. We say that a representation V is geometrically semistable if one of the two 
conditions above hold and if furthermore there exists a coherent -R^oAiog-submodule D of 
Dfog'""(^) such that: 

(a) it is stable under the connection Vy,w(fc) and Vv,w{A;)|d is topologically nilpotent; 

ih)D[t-^] = Dr/-\vy, 

(c) there exist integers h and n E N such that the map t^ip sends D to D and its image 
contains t^D. 

The following corollary provides examples of geometrically semistable representations: 

Corollary 3.67. If V is a semistable representation of Qf>, then it is geometrically semistable 
and we have natural isomorphisms 

■pvcris/T/\ pgeo.cris -p,geo,cris /t r\ T-vmax/T/\ pgeo.max ■p.geo.max /t 

J-'log l*^ J '^R^ris -rtlog —-'-'log -^log l*^ J '^iJmax -^log "''^log 

compatible with connections and Frobenius and strictly compatible with the filtrations. 

Proof. The displayed isomorphisms follow from the isomorphisms in l3.60[ the fact that Dj^^g (y) 
and D{^|'^(y) are projective modules and the computation Bj^^g'*^^ = -Rfo"''^"'^ and B[^|^« = 

^geo,max^^_lJ p^^yj^g^ in ICT 

Such isomorphisms are clearly compatible with connections, Frobenius and filtrations. The 
conditions in 13.661 are satisfied due to §3.6.21 The strict compatibility with the filtrations follows 
from 1X^4) .1X^4) andESl 

□ 

We state our main result: 

Proposition 3.68. (i) The category of geometrically semistable representations is closed under 
duals, tensor products and extensions. 

(a) The functors Df™'™*^^ and Df^^g'™, from the category of geometrically semistable repre- 
sentations to the category of Rf^^'^'^^^ -modules (resp. Rf^""^^^ -modules) endowed with connections 
and Frobenius, commute with duals and tensor products and are exact. 
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Proof. The claims concerning duals and tensor products follow proceeding as in I3.63( 2)fc(3). 
Let — 7- Vi — 7- V2 — )■ V3 — 7- be an exact sequence of Qp-vector spaces endowed with an 
action of Gji with Vi and V3 geometrically semistable. First of all we claim that the sequence 
^ Df4°''"""(\/i) ^ Df4°''"'^"(\/2) ^ Df4°''"""(l^3) -> is exact. This follows if we prove that 

H1(Gk,Vi®q^B£|^) =0. This group coincides with Hi(Gfi,Df4°''"""(K)®ljgco,„.axBSf(^)) since 

Vi is geometrically semistable. Since Df^^'^^^^iV) is a projective -Rj^^g'™^"" [t~^] -module of finite 

rank, it suffices to prove the vanishing of {Gr, BjJJI'' (i?) ) . This follows from 13. 391 In particular, 

Dfog'™'^''(V2) is a finite and projective i^fj^g'™^"" -module. Consider the commutative diagram 
with exact rows: 

Df™(Vl)®B-- ^ Df™(l^2)®B-- Df~(V^i)®B-- ^0 

0-^ ri®Q^B--(^) V2®Q,B--(^) ^ V^3®Q,B--(^) -^0, 

where the tensor product in the first row is taken over Rf^°''^^^ and Bj^g"" stands for B™g''(i?). 
The right and left vertical arrows are isomorphisms by assumption. The snake lemma implies 
that also the vertical arrow in the middle is an isomorphism as wanted. In particular, V2 satisfies 
Km2). 

We are left to show that the other conditions of 13.661 are satisfied. Let Di C Df^g'™^(Vi) 
and D3 C Df™'"'''(V3) be the submodules as in loc. cit. We have just proven that Dfj^g''^"''(V2) is 
an extension of the projective i?fj^g'"^"'^-modules Dfj^g'"^"'^(Vi) and Df^g''^'^'^(V3). In particular, it is 
isomorphic to their direct sum. We view D2 := Di ® C. Df™''^"'^(V2) as a submodule. Note 
that D2[t^^] = Df^g'™^(V2). The connection Vv2,w{A;) is compatible with the connections Vvi,w(fc) 
and Vv3,w(fc) so that it preserves Di and sends D2 to (t^^Di © -^3)®'^|j/w(fc) some N G N. 

Set D2 := t^^Di © 1^3. Then, D2 is a coherent -R^o^iog-module, it is stable under Vv2,w(fe) 
and Vv2,w{A;)|d2 is topologically nilpotent as Vvi,w(fc)|Di and Vy3,w(fe)|D3 are. Thus conditions 
I3.66( a)fc(b) hold. If we take n G N and h < n so that t'^ip satisfies condition 13.66( c) for Di 
and D3, then t'^Lp sends Di to Di and D2 to t'^'Di © D3 for some m e N. Then, t^^+'^^D2 is 
contained in t^~^'^ip{D2) so that condition 13.66( c) holds. 

□ 



4 List of Symbols 

EJ_ classical Fontaine ring, §2.1.11 

^inf (C^'k) classical Fontaine ring, §2.1.11 

Acris, -Bcris classical Fontaine rings, §2.1.11 

^iog5 -Blog classical Fontaine rings, §2.1.11 

-^dR' -^dR(^) classical Fontaine rings, §2.1.11 

Deris, -Dlog, DdR classical Fontaine functors, §2.1.11 

Xl, Txl Faltings' site and respectively Faltings' topos associated to X and L, §2.2.31 
Ox, Ox Fontaine sheaves, §2.31 
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-^inf L Fontaine sheaf, §2.31 
A^i^ Fontaine sheaf, §23] 
Aj^gL) Fontaine sheaf, §2.31 
Aiog Fontaine sheaf, §2.3.41 
Bj^g, Biog Fontaine sheaves §2.3.61 

-l^iog.Kj -l^iog.K Fontaine sheaves §2.3.71 
Df„°g°, Fontaine functor gMD 
Dfjg Fontaine functor §2331 
Rn, R" rings, m 
i? relative Fontaine ring, §3.1.21 
Roo relative Fontaine ring §3.1.31 
relative Fontaine ring, §3.1.41 
Ai , relative Fontaine ring, §3.1.51 

k;^i{R/0) , Ainf Ainf(i?/i?) relative Fontaine rings, 

^IkM). bIr+ B+R,„(i?), KK,n{R) relative Fontaine rings, gSj 
Bf^g , Bj^g"" relative Fontaine rings, §3.41 
A^og'^(-R), A^^g'^, relative Fontaine rings, §3.41 
Rm^,^ ring, §113] 

^+,iog,v ^+,iog,v j^gjg^i^jyg Fontaine rings ^3.4.41 

A|;rs: AfoT-^(^)' Af:g°'"^^(i?), A-% revive Fontaine rings, §33] 

DdR, DdR relative de Rham functors, §3.31 

F'Sg ) D™|^ relative Fontaine functors, §3.61 

F^crfs^'^"' F)I^|^*'° geometric, relative Fontaine functors, §3.71 
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